


























































Topological string partition function
is a wave function.

Consider the B-model:



The holomorphic anomaly equations       

  Interptetation:            Witten 1993

(1) On each tangent space,
there is a Hilbert space. 

(2) The holomorphic anomaly
           equation is describing

      the paralell transport
 between tangent spaces

                            at different points.

More on (1):

More on (2):

has a symplectic structure.

Topological string uses a holomorphic polarization.

The polarization depends on 

The anomaly equations give parallel transportation.

BCOV 1993
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Type II superstring complactified on CY3 has many charged extremal 
black holes constructed as D branes wrapping cycles in CY3.

The number of ground states of the black hole is computable using 
the gauge theory on the branes.

When the charges              are large, the classical gravity 
descrpition is good, and the number of states is given by 
the Bekenstein-Hawking formula:

This has been successfully tested. 

Can we make this more precise, by incorporating quantum 
corrections to the right-hand side?

To do this, we need to know string loop corrections to the
relevant low energy effective theory terms. 

Extremal Black Holes in Type II theory



Conjecture (Strominger, Vafa + H.O.)

(1) Calabi-Yau moduli         are determined by  
     the magnetic charges         and the electric potentials     .

 

(2) This identity is supposed to hold to all order 
      in the string perturbation theory.

 There are important non-perturbative corrections
      to the formula. 
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   Extremal Black Hole in String Theory

Consider type IIB superstring on 

  

     Choose a symplectic basis of 3-cycles on 

      D3 branes wrapping on 3 cycles  

       =  BPS black hole in four dimensions 
          
           with electric charges       ,  magnetic charges
                  

 



   Classically, the near horizon geometry of 
   the extremal black hole is AdS2 x S2 x CY3.

   The vector multiplet scalars (i.e., complex structure 
in the IIB case) are fixed by the attractor equations.

The hypermultiplet scalars are not fixed. 

    These features are preserved 
     when string loop corrections are included. 

      

  We do not have a derivation of this formula from the first
  principles. I will describe an argument for it, based on 
  observations by:

     Cardoso, de Wit, Mohaupt 1998
     Strominger, Vafa, + H.O.     2004
     Sen     2005



The magnetic charges of the black hole:

The electric charges of the black hole:

The electric charges are non-linear functions of 

Applying the macroscopic entropy formula for 
a higher derivative gravity action given by Wald, 
one obtains:

Thus, the macroscopic entropy is the Legendre
transform of the topological string partition function. 



Knowing the thermodynamical relation

and based on an analogy with the standard 
statistical interpretation of the free energy, 

we conjectured:



Effective Action:

Evaluating the effective action near the horizon, one finds:

where



Question 1:  Why are D-terms irrelevant? 

    It must have to do with the fact that what we are calling the entropy 
is the Witten index in the Hilbert space of the black hole.

Question 2:  Why are hypermultiplet fields irrelevant? 

To all order in the perturbation theory, hypermultiplet fields
are not fixed. This means that the effective action, when evaluated
near the horizon, does not depends on hypermultiplets. 
There may be some non-perturbative dependence, 
as suggested by S-duality in topological string theory. 

Frequently asked questions and incomplete answers:

Question 3:  Why is the Laplace transformation 
  better than the Legendre transformation?

Higher loop corrections contribute to finite size effects,
       so thermodynamic arguments are not sufficient. 

The Laplace transform works well in examples I know. 
       It may be possible to explain why the Laplace transformation
 works if we understand AdS_2/CFT_1.  

Question 4: What about the holomorphic anomalies?

       The entropy may have background dependence.
       There is a suggestion that the dependence vanishes
       at least infinitesimally in an appropriate basis. 






