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Abstract

Direct numerical simulation of many turbulent flows is not fea-
sible for the foreseeable future within time and resource constraints
of many applications. There are thus many approaches to finding re-
duced models of turbulent flows whose solutions have a smaller number
of persistent scales (and thus can be solved more quickly and econom-
ically). However, the associated closure problem cannot be solved
exactly. Thus, it is possible (and in fact not uncommon) that a given
turbulence model’s solution has little physical fidelity, quantitative
agreement and qualitative agreement with the flow averages sought.
This talk presents some recent models of the large structures of tur-
bulent flows that have a fairly complete mathematical theory, that are
provably high accurate on the large scales, truncate scales, conserve
appropriate integral invariants and are unconditionally stable. An
outline of their mathematical structure, which is the reason for their
effectiveness, will be given.

Broadly, if δ is the (user-selected) filter length scale and overbar
denotes the associated local, spacial averaging, the true averages, u, p,
of an incompressible viscous fluid satisfy the well known Space Filtered
Navier-Stokes equations given by

ut +∇ · (uu)− ν∆u +∇p = f and ∇ · u = 0.
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The closure problem (which occurs since uu 6= uu) thus leads to the
deconvolution problem:

given u (+noise), find u approximately to high accuracy.

This is of course the ill-posed deconvolution problem, common in im-
age processing. Our work begins with an approximate deconvolution
operator of van Cittert in 1931. Calling the van Cittert approximate
deconvolution of u, D(u):

D(u) = approximation of u.

An approximate solution to the closure problem is then uu ≈ D(u) D(u).
This deconvolution operator satisfies the consistency condition:

u = DN (u) + O(δ2N+2) for smooth u,

and thus uu = DN (u) DN (u) + O(δ2N+2). This model has remark-
able mathematical properties and its accuracy has been established in
computational tests of Stolz and Adams and in our theoretical stud-
ies.The LES model induced is: find (w, q) (sought to approximate
(u, p)) satisfying

wt +∇ · (D(w) D(w))− ν∆w +∇q = f , and ∇ ·w = 0,

with initial condition w(x, 0) = w0(x).
This talk will present the mathematical structure of the ADM, be-

ginning with basic results of a Leray-type theory that unique, smooth
strong solutions exist and converge, modulo a subsequence, to a weak
solution of the NSE as the averaging radius δ → 0. Next we exam-
ine the consequences of the model energy and helicity balance and
apply turbulence phenomenology to the model’s predictions of turbu-
lent statistics. We show that the model predicts a helicity and energy
cascade correctly up to the cutoff frequency: , over 0 < k < 1

δ ,

Ênergy(k) ∼ ε
2/3
modelk

−5/3 and Ĥelicity(k) ∼ γmodelε
−1/3
modelk

−5/3.

Finally, we shall outline some applications of deconvolution ideas to
some regularizations of the NSE such as the recently popular NS-alpha
model and the new and promising NS-omega model.

This talk is based on work of and joint work with R. Lewandowski,
A. Dunca, Y. Epshteyn, M. Neda, C. Manica, S. Kaya-Merdan,
L. Rebholz, I. Stanculescu, A. Labovschii.
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