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I. Pure Exchange: Walras

agent’s problem: Agents: 1€ 7 | 7| finite "large"

X, € argmax u,(x;) so that <p,xl.> < <p,el.>, x, €C,
e;: endowment of agent i, ¢, € int C,

u,: utility of agent i, concave, usc

u :C.—> R, C cR" (survival set) convex
market clearing: s(p)= ), (e, —X,) excess supply
equilibrium price:  p € A such that s(p) =20

A unit simplex
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The Walrasian

W(p.q)={(q.s(p)), W :AXA—>R

p equilibirum price  (Ky Fan Inequality)
& p e argmax (inf, W(p,q)) & s(p) 20
Properties of W :
continuous in p (e; € intC,, 'i-inf-compact') usc
linearin g, A compact convex
W(p,p)=0,VpeA

1.e., W 1s a Ky Fan function
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II. Numerical Approaches

# Augmented Walrasian:
p € argmax-inf W

= saddle point (p,g) of W.

W, (p.q)=inf,{W(p,2)| |z—q|<r},

“ . H an appropriate norm (-l e.g.)
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Variational Inequality

p(2)
maxu,(x,) so that <p,xl.> S(p,ei>, x; €C, u\]‘_
Zi(ei—ci)zs(p)ZO.

ﬁ N,(Z)=1{v[(v.z-2)<0,Vze D]
G(p.(x). (AN =] X (&, = x)i(Ap = Vu(x)):(pre, - x,)|
D= AX(H,-Ci)X(H,-R+)

-GF.ENA) N, (B.E).R)) |

D (unfortunately) 1s unbounded

D
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Pure Exchange model

III. Stochastic Equilibrium Model

N
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Agent-i problem-stochastic
max u?(xf) + E, {u;(f,xig)}

xl(.),yl.E]R” ,xg.eﬂ/l

so that <p0,x? + Tl.oyl.> < <p0,e?>
1 1 1 1 1 p—
<p5,xi,5> < <p€,el.’§ + Tl.,éyl.>, VEeZ
0 0 1 1 —_
% €0 1 X, EC L, VS EER
3¢ E {.} rational expectation w.r.t. i-beliefs

Stochastic program with recourse: 2-stage
Well-developed solution procedures
Well-developed “Approximation Theory”
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Simplest-classical assumptions

= finite (support)
u, :C} >R, VE€E, u; (&) :Cl.l,é — R concave
continuous. Numerics: differentiable
T T : Input-ouput matrices
(production, investment, etc.)

C’,C 1§ closed, convex, non-empty interior

e, €intC;, e, €intC,, forall &
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Market Clearing

Agents: ie€?, | 7| finite "large"
()_cio,)_zi,{)?il, » }ges) € arg max {agent-i problem }
excess supply:
Y (=G +T5)) = 5" (P AL ) 2 O
VEeZ:
pI ( s+ Ty - lé)_sé(p AP Heez) 2 O
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Here-&-Now vs. Wait-&-See

# Basic Process: decision --> observation --> decision
0 1
(x,y) = & — X, ;
# Here-&-now problem!
not all contingencies available at time 0
(x/,y,) can’t depend on &!

# Wait-&-see problem

implicitly all contingencies available at time 0
choose (xlo o Vier Xi g) after observing x

® incomplete &g complete market ?
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- Fundamental Theorem

of Stochastic Optimization

A here-and-now problem can be “reduced” to a
wait-and-see problem by introducing the

appropriate ‘contingency’ costs
(price of nonanticipativity)
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Contingencies prices
(nonanticipativity)

Here-&-now Explicit nonanti. constraints
maxE{f(ﬁ,zO,Zé)} maxE{f(f Ze > Z¢) }
2’eC’ cR", z; €C’ cR",
z: €C:(2"), V& z: €C:(2"), V&
r z; = E{z/} V&
w; L ¢* fens
= E{wg} =0
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Progressive Hedging
®Step 0. w'(+) so thatE{wO(f)}:O, v=0
#Step 1. for all &:
(7.2 g & 2.2~ (.
2’eC’ cR", 7 eC'(Ex")cR"
®Step 2. wy' =wl+p| L -E{"}|. p>0
= and return to Step 1, v=v+1

#Convergence: add proximal term
p 0,v 0,v 2 | t : (VW")
2" —E{z¢" |, linear rate in (2",
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Disintegration: agent’s problem
with p, :(po,{p;}geg)
(i Vs e ) € i-contingency’ costs
arg max {u) (x)) = (, ¢, (!, 3,)) + 1, (& x))
(p*.xy<(p°.e’ - Ty,)

i
(Pt < (pesele + e,

0 0
x; eC;, x; eCi’é.

solved for each ¢ separately
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Incomplete to ‘Complete’ Market
V& € E (separately),
agent's problem:
()_cl.o, v, )_cil,g) € argmax{uiw" (x?, y,, xl.l)on @i,g(po,pé)}
for {w, . },.- associated with (p”, p;)
clear market:
s"(p°,p:)2 0, s:(p°,p:)2 0

Arrow-Debreu ‘stochastic’ equilibrium problem
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THE WALRASIAN

W (Perqe) =(qer5(Py))
=<(q°,{qé}gea),(so(po,{pé}gea),{sé(po,{pé}gea)} §€E)>
W . H A X HA — R

1+1=1 1+1=]

linear w.r.t. g,, continuous w.r.t. p,

W(pe>Pe) 2 0.
provided s(e) continuous w.r.t. p,
I another lecture, § V
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Ky Fan functions & inequality

# K : Bx B — R is a Ky Fan function if
(a) Vy:x+— K(x,y) usc
(b) Vx :y+— K(x,y) convex
# Theorem. K Ky Fan fcn, dom K = B X B, B compact
= argmax-inf K # J
if K(x,x)=0ondom K, x € argmax-inf K
= inf, K(x,y) 20.
# The Walrasian is a Ky Fan function
yields existence of equilibrium price.
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IV. Experimentation

1N
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with PATH Solver (experimental)

# Economy: (5 goods)
= Skilled & unskilled workers
= Businesses: Basic goods & leisure
= Banker: bonds (riskless), 2 stocks

#® 2-stages, solved under # of scenarios

# utilities: CSE-functions (gen. Cobb-Douglas)
= Utility in stage 2 assigned to financial instruments
= only used for transfer in stage 1

# 5o far: mostly calibration
numerically: " blink’ (5000 iterations).
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with PATH Solver (stochastic)

# objectives:  # () +u(x) =

4 I ~0,v av 2
) ()= (e el = Bl = G50 e

® updating: (&, =E {3}

1 0, ~0,v &
wie = w0,y )= (3 3)

p; >0 vyields convergence
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equilibrium points
solutions of V.I., ...

V. Continuity, Stability Issues

N
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Variational Convergence

# solutions of optimization problems

m argminf  — argmin f : epi-convergence

s argmax f’ — argmax f : hypo-convergence
# stability of saddle points

= gsaddle pts K" — saddle pts K : epi/hypo-convergence
# stability of maxinf points

» maxinf K" — maxinf K :lopsided convergence (tightly)
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Walras Equilibrium points

® VYie? x.(p)e argmax . {ui(xl.)Kp,xl.) < <p,ei>}
®  s(p)= Zl_(el, —x.(p)) excess supply

#® find p € A (unit simplex) so that s(p) =0

® Walrasian: W(p.q)=(q.s(p)) Ky Fan fcn
® p eargmax—nt W < s(p) =0

# conditions: e.eint C, "globally compact”
# Convergence: u —, u,e —e =

hypo i’

W' converge lopsided tightly to W
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Variational Inequalities .

# CcR" non-empty, convex
® G:C—>R" continuous OC
#® find & eC suchthat - G(i) e N ()
where veNC(ﬁ)<:><v,u—L7>SO,‘v’ueC
#® with Ku,v)= <G(u),v—u> ondomK =CxC
— Kis a Ky Fan function, K(u,u) = 0.

#® Find
u € argmax—inf K(e,») so that K(u,») =0
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Lopsided convergence: definition

dy"le DY
—>yeD

Vy eD’
— )

July 14, 2006

* (.X,y)

CxD

/
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\% \%

(x",y

C"x D'

L
-

limsup, K" (x",y") < K(x,y) when x € C
K"(x",y")—> —cowhenx ¢ C

Vx'eC" - x

o(X>Y)

CxD

.
-

(x",y

C"x D'

/

liminf, K" (x",y") 2 K(x,y) wheny € D
K"(x",y") —>ocowhenx g D

@ECV—)XEC
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Lopsided tightly

® K - K. if K’
X C

C"xD" lop—tightly

veKCXD&

D XD lop

(b) Vxe C,dx" > x,Vy" e D" andy" — y:
liminf K" (x",y")> K(x,y) ifye D
K'(x",y")—> e ifyeD

but also Ve>0, 1B, compact (depends on x" — x):

inf  K"(x",9)<inf K"(x",o)+¢€, Vv2=>v
B_.ND D €

£

® THM. K,  — K, lopsided tightly, ¥ cluster point of

{x" eargmax—inf K’ 1} = Xx eargmax—inf K
C"xD" CxD

veN
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Proof ....

& K’ - K.

C'xD" lop—tightly

Letg"=inf _ K"(e,y), g=inf , K(s, ).

yeD

XD

-

c! ={xeCV gV(x)>—oo}
= g’ —g when < #J
o C, = {x € Clg(x) >~}
# then apply
g, —>g.,x € argmax _, g’ x" —>xe(C=x eargmax_.g

C" hypo
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Ky Fan functions & inequality

# K : Bx B — R is a Ky Fan function if
(a) Vy:x+— K(x,y) usc
(b) Vx :y+— K(x,y) convex
# Theorem. K Ky Fan fcn, dom K = B X B, B compact
= argmax-inf K # J
if K(x,x)=0ondom K, x € argmax-inf K
= inf, K(x,y) 20.
# The Walrasian is a Ky Fan function
yields existence of equilibrium price.
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Extending Ky Fan’s inequality

e K" — K lopsided

K" Ky Fan = K Ky Fan

A4 & when argmax—inf K" #

if X € cluster-pts {argmax—inf K"}

= x e argmax—inf K & K(x,*)=0

# Ky Fan fcns closed under tight-lopsided

saddle fcns closed under hypo/epi-convergence
usc fcns closed under hypo-convergence
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