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A Solution to the Tennis Ball Problem

Anna de Mier and Marc Noy

ABSTRACT. We present a complete solution to the so-called tennis ball problem, which is equivalent to
counting lattice paths in the plane that use North and East steps and lie between certain boundaries. The
solution takes the form of explicit expressions for the corresponding generating functions.

Our method is based on the properties of Tutte polynomials of matroids associated to lattice paths.
We also show how the same method provides a solution to a wide generalization of the problem.
RESUME. Nous présentons une solution complete au “probleme des balles de tennis”, probléme qui revient
4 compter des chemins, formés par des pas Nord et Est, dans une région délimitée de N2. La solution se
présente sous la forme d’expressions explicites pour les séries génératrices correspondantes.

Notre méthode repose sur certaines propriétés des polynémes de Tutte des matroides associés a des
chemins de N2. Nous montrons aussi comment cette méthode permet de résoudre un probléme beaucoup
plus général.

1. Introduction

The statement of the tennis ball problem is the following. There are 2n balls numbered 1,2,3,...,2n.
In the first turn balls 1 and 2 are put into a basket and one of them is removed. In the second turn balls 3
and 4 are put into the basket and one of the three remaining balls is removed. Next balls 5 and 6 go in and
one of the four remaining balls is removed. The game is played n turns and at the end there are exactly n
balls outside the basket. The question is how many different sets of balls may we have at the end outside
the basket.

It is easy to reformulate the problem in terms of lattice paths in the plane that use steps E = (1,0)
and N = (0,1). It amounts to counting lattice paths from (0,0) to (n,n) that never go above the path
NE---NE = (NE)". Indeed, if 7 = myma ... T2,_1m2, is such a path, a moment’s thought shows that we
can identify the indices 7 such that me,_;11 is a N step with the labels of balls that end up outside the
basket. The number of such paths is well-known to be a Catalan number, and this is the answer obtained
in [GM].

The problem can be generalized as follows [MSV]. We are given positive integers ¢t < s and sn labelled
balls. In the first turn balls 1,...,s go into the basket and ¢ of them are removed. In the second turn
balls s+ 1,...,2s go into the basket and ¢ among the remaining ones are removed. After n turns, tn balls
lie outside the basket, and again the question is how many different sets of balls may we have at the end.
Letting k = t,l = s — ¢, the problem is seen as before to be equivalent to counting lattice paths from (0, 0)
to (In, kn) that use N and E steps and never go above the path N¥E!... NEE! = (NKEY)™. This is the
version of the problem we solve in this paper.
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From now on we concentrate on lattice paths that use N and E steps. To our knowledge, the only cases
solved so far are k = 1 and k = [ = 2. The case k = 1 is straightforward, the answer being a generalized
Catalan number ﬁ ((Hnl)"). The case k = [ = 2 (corresponding to the original problem when s = 4,¢ = 2)
is solved in [MSV] using recurrence equations; here we include a direct solution. We say that a path is a
Catalan path of semilength n if it goes from (0, 0) to (n,n) and stays below the line x = y. The case k =1 =2
is illustrated in Fig. 1, to which we refer next. A path 7 not above (N2E?)" is “almost” a Catalan path,
in the sense that it can raise above the dashed diagonal line only through the dotted points. But clearly
between two consecutive dotted points hit by 7 we must have an E step, followed by a path isomorphic to a
Catalan path of odd semilength, followed by a IV step. Thus, 7 is essentially a sequence of Catalan paths of
odd semilength. If G(z) =3, n_lH (27?) 2™ is the generating function for the Catalan numbers, take the odd
part Go(z) = (G(2) — G(—z))/2. Then expand 1/(1 — 2G,(z)) to obtain the sequence 1, 6,53, 554, 6363, .. .,
which agrees with the results in [MSV].

/

FIGURE 1. The path 1 = EENNNEEEENNNNNEE not above P = (N2E?)%. Tt has
i(m) = 3 and e(m) = 2, corresponding to the steps underlined.

Let P be a lattice path from (0,0) to (m,r), and let b(P) be the number of paths from (0,0) to (m,r)
that never go above P. If PN denotes the path obtained from P by adding a N step at the end of P, then
clearly b(P) = b(PN). However, it is not possible to express b(PE) simply in terms of b(P), where PE
has the obvious meaning. As is often the case in counting problems, one has to enrich the objects under
enumeration with additional parameters that allow suitable recursive decompositions. This is precisely what
is done here: equations (2.2) and (2.3) in the next section contain variables x and y, corresponding to two
parameters that we define on lattice paths not above a given path P. These equations are the key to our
solution.

The basis of our approach is the connection between lattice paths and matroids established in [BMN],
where the link with the tennis ball problem was already remarked. For completeness, we recall the basic facts
needed from [BMN] in the next section. In Section 3 we present our solution to the tennis ball problem, in
the form of explicit expressions for the corresponding generating functions; see Theorem 3.1. In Section 4
we show how the same method can be applied to a more general problem. We conclude with some remarks.

2. Preliminaries

The contents of this section are taken mainly from [BMN], where the reader can find additional back-
ground and references on matroids, Tutte polynomials and lattice path enumeration.

A matroid is a pair (F, B) consisting of a finite set E and a nonempty collection B of subsets of E, called
bases of the matroid, that satisfy the following conditions: (1) No set in B properly contains another set in
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B, and (2) for each pair of distinct sets B, B’ in B and for each element € B — B’, there is an element
y € B’ — B such that (B —z) Uy is in B.

Let P be a lattice path from (0,0) to (m,r). Associated to P there is a matroid M[P] on the set
{1,2,...,m + r} whose bases are in one-to-one correspondence with the paths from (0,0) to (m,r) that
never go above P. Given such a path m = w75 ... T4, the basis corresponding to 7 consists of the indices
¢ such that m; is a N step. Hence, counting bases of M[P] is the same as counting lattice paths that never
go above P.

For any matroid M there is a two-variable polynomial with non-negative integer coefficients, the Tutte
polynomial t(M; x,y). It was introduced by Tutte [T1] and presently plays an important role in combinatorics
and related areas (see [W]). The key property in this context is that ¢(M;1,1) equals the number of bases
of M.

Given a path P as above, there is a direct combinatorial interpretation of the coefficients of t(M[P]; x, y).
For a path 7 not above P, let i(m) be the number of N steps that 7 has in common with P, and let e(7) be
the number of E steps of m before the first N step, which is 0 if 7 starts with a IV step. This is illustrated in
Fig. 1, where the path P corresponds to the upper border of the diagram and hence a path 7 representing
a basis of M[P] corresponds to a path that stays in the region shown.

Then we have (see [BMN, Th. 5.4))

(2.1) HM[Pl;z,y) =Y o'y,

where the sum is over all paths 7 not above P. A direct consequence is that ¢(M[P];1,1) is the number of
such paths.

Furthermore, for the matroids M[P] there is a rule for computing the Tutte polynomial that we use
repeatedly (see [BMN, Section 6]). If PN and PE denote the paths obtained from P by adding a N step
and an F step at the end of P, respectively, then

(2.2) tM[PN;z,y) = wxt(M[P],z,y),

(2.3) H{M[PE):2.y) = xﬂMW%w+@—

—_— )ar1P 1),
The right-hand side of (2.3) is actually a polynomial, since z — 1 divides t(M[P];x,y) — t(M[P];1,y) (see
the expansion (2.4) below). The key observation here is that we cannot simply set x = y = 1 in (2.3) to
obtain an equation linking ¢t(M[PE];1,1) and ¢(M[P];1,1).

For those familiar with matroid theory, we remark that the quantities i(7) and e(w) correspond to the
internal and external activities of the basis associated to m with respect to the order 1 <2 < --- <m+r
of the ground set of M[P]. Also, the matroids M[PN] and M[PE)] are obtained from M[P] by adding
an isthmus and taking a free extension, respectively; it is known that formulas (2.2) and (2.3) correspond
precisely to the effect these two operations have on the Tutte polynomial of an arbitrary matroid.

From (2.1) and the definition of i(7) and e(w), equation (2.2) is clear, since any path associated to
M[PN] has to use the last N step. For completeness, we include a direct proof of equation (2.3).

We first rewrite the right-hand side of (2.3) as

r—1

x
(M [Pl y) = t(M[P); 1,y)) + yt(M[P): 1) =
_T e (im) ) gge(mEl
z;x_ly (a )+
(2.4) Zye(ﬂ)(y—&-x—l—lB-i--"—l—xi(ﬂ)),

where the sums are taken over all paths 7 that do not go above P.
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To prove the formula, for each path m not above P we find i(7) 4+ 1 paths not above PE such that their
total contribution to t(M[PE];x,y) is y* (y + x + 22 4 - - - + (™). Consider first the path 7y = E; it
clearly does not go above PFE and its contribution to the Tutte polynomial is y¢(™*1. Now for each j with
1 < j < i(m), define the path 7; as the path obtained from 7 by inserting an E step after the jth N step
that 7 has in common with P (see Fig. 2). The path 7; has exactly j N steps in common with PE, and
begins with e(r) E steps. Observe also that, if the j-th N step of 7 is the k-th step, then 7 and 7; agree on
the first £ and on the last m + r — k steps.

PE PE PE

FIGURE 2. Illustrating the combinatorial proof of formula (2.3): from a path 7 not above
P with i(m) = 2 we generate 3 paths not above PE.

It remains only to show that each contribution to the Tutte polynomial of M[PE] arises as described
above. Let 7’ be a path that never goes above PE and consider the last N step that 7’ has in common with
PE:; clearly the next step must be E. Let 7 be the path obtained after removing this F step. Since 7’ had
no N steps in common with PE after the removed E step, the path 7 does not go above P. Thus the path
7' can be obtained from 7 by adding an E step after the i(7’)-th N step that 7 has in common with P, and
hence 7’ arises from 7 as above. By the remarks at the end of the previous paragraph, it is clear that =’
cannot be obtained in any other way by applying the procedure described above, and this finishes the proof.

3. Main result

Let k,[ be fixed positive integers, and let P, = (N*E!)". Our goal is to count the number of lattice
paths from (0,0) to (In, kn) that never go above P,,. From the considerations in the previous section, this is
the same as computing t(M[P,];1,1). Let

Ap = An(z,y) = t(M[P,]; z,y).

By convention, Py is the empty path and Ay = 1.
In order to simplify the notation we introduce the following operator ® on two-variable polynomials:

BA(z,y) = ——Alz,y) + (y - L) AL y).

r—1 r—1
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Then, by equations (2.2) and (2.3) we have
Apt1 = q)l(xkAn)a

where ® denotes the operator ® applied i times.
For each n > 0 and ¢ = 1,...,1, we define polynomials B; ,,(z,y) and C; ,(y) as

Bi,n = (I)l (LL'kAn(I"y)) )
Ci,n — Bi,n(la y)
We also set Co ., (y) = An(1,y). Notice that By, = A,41, and Cp (1) = A, (1, 1) is the quantity we wish to

compute.
Then, by the definition of ®, we have:

Bin = 2 ak4, + (y-——2)Com:
’ rz—1 r—1 ’
x
BQ,n = + Yy — Cl,n,
r—1
T T
B = - - Cio1,n;
L, 71 no Tt (y P 1) -1,
An-l—l - Bl,n'

In order to solve these equations, we introduce the following generating functions in the variable z (but
recall the coefficients are polynomials in z and y):

A=D"A,2",  Ci=) Cinz", i=0,...,1L
n>0 n>0

We start from the last equation A, ; = B;, and substitute repeatedly the value of B;, from the previous
equation. Taking into account that ) A,412" = (A —1)/z, a simple computation yields

A_1 ok Lo it
= A —_— —
z (x — 1)t + e x;x—l

We now set y = 1 and obtain

(3.1) A(w-1) —zab ) = (=1 =2 2" Mz -1 Cy,
where it is understood that from now on we have set y = 1 in the series A and C;.
By Puiseux’s theorem (see [S, Theorem 6.1.5]), the algebraic equation in w

(3.2) (w—1) = 2w =0

has k + [ solutions in the field C%2((z)) = 2 nsno anz™N} of fractional Laurent series. Proposition 6.1.8
in [S] tells us that exactly [ of them are fractional power series (without negative powers of z); let them be

W (2), . wi(2).
We substitute x = w, in (3.1) for j = 1,...,[, so that the left-hand side vanishes, and obtain a system
of [ linear equations in Co, C1, ..., Cj—1, whose coefficients are expressions in the w;, namely

(3.3) Zw (wj — 1) 20 = (w; — 1)}, j=1,...,L
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Notice that, in order of the product in the left hand-side of (3.1) to be defined, the solutions of (3.2)
that we substitute cannot have negative powers of z, hence they must be wy,...,w;. We remark that this
technique is similar with the one devised by Tutte for counting rooted planar maps (see, for instance, [T2]).

It remains only to solve (3.3) to obtain the desired series Cp = >, An(1,1)2". The system (3.3) can we

written as
-1 N
Z( - 1) 2O =w;—1,  j=1,...L
im0 \Wi T
The left-hand sides of the previous equations can be viewed as the result of evaluating the polynomial
Zé;é(zCl,i,l)Xi of degree | — 1 at X = w;/(w; — 1), for j with 1 < j <[. Using Lagrange’s interpolation
formulas, we get that the coefficient of X'~! in this polynomial is

l

=1

SO P —
Wy Wi

- )

Wj—l wi—l
By straightforward manipulation this last expression is equal to
l

wJ—l
_Hl—’wjzl_[ _wZ)Z—H(l—’wj),

1#] =1

where the last equality follows from an identity on symmetric functions (set r = 0 in Exercise 7.4 in [S]).
Thus we have proved the following result.

THEOREM 3.1. Let k,l be positive integers. Let q,, be the number of lattice paths from (0,0) to (In,kn)
that never go above the path (N*EY)", and let wy, ..., w; be the unique solutions of the equation

(w— 1) = zwktt =0
that are fractional power series. Then the generating function Q(2z) = >, <o an2" is given by

Q)= 21—+ (1~ )

Note that, by symmetry, the number of paths not above (N!E¥)" must be the same as in Theorem 3.1,
although the algebraic functions involved in the solution are roots of a different equation.

In the particular case k = [ the solution can be expressed directly in terms of the generating function
G(z)=>, n+r1 (*™)2™ for the Catalan numbers, which satisfies the quadratic equation G(z) = 1 + 2G(2)2.
Indeed, (3.2) can be rewritten as

w=1+z" kw?,
whose (fractional) power series solutions are G((72%/%), j =0,...,k — 1, where C is a primitive k-th root of
unity. For instance, for k = I = 3 (corresponding to s = 6,¢ = 3 in the original problem), ¢ = exp(27i/3)
and we obtain the solution

L0 - GE)0 - G0 - O =

14 20z + 66222 + 267802 + 12059612* + 580502042° + - - -

In the same way, if divides k and we set p = (k +1)/I, the solution can be expressed in terms of the
generating function m (p )z for generalized Catalan numbers; the details are left to the reader.
As an example, for k = 4, [ = 2, we obtain the series

-1
— (1= H('2) (1~ H(=="?) =
z

1+ 152 + 36022 4+ 104632> 4 3372692 + 1159966825 + - - -,
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where H(z) =Y, 52 (®") satisfies H(2) = 1+ 2H(2)".

4. A further generalization

In this section we solve a further generalization of the tennis ball problem. Given fixed positive integers
S1,t1,. .., Sp, tp with ¢; < s; for all 4, let s =Y s;,t = > t;. There are sn labelled balls. In the first turn we
do the following: balls 1,...,s; go into the basket and ¢; of them are removed; then balls s1 +1,...,s1 + s2
go into the basket and among the remaining ones to are removed; this goes on until we introduce balls
s—sr+1,...,s, and remove t, balls. After n turns there are ¢tn balls outside the basket and the question
is again how many different sets of ¢tn balls may we have at the end.

The equivalent path counting problem is: given ki,11, ..., ky, [, positive integers with k = > k;, 1 = > 1;,
count the number of lattice paths from (0, 0) to (In, kn) that never go above the path P,, = (N¥1 B!t ... Nkr plryn,
The solution parallels the one presented in Section 3. We keep the notations and let A,, = t(M[P,]; z,y), so
that

Apir = @b (aFr . @l (2R A,) - ).

As before, we introduce ! polynomials B; ,(z,y) and C; ,(y) = B;in(1,y), but the definition here is a bit

more involved:

Bi,n :‘I)i(IklAn), i:17...,ll;
Bi+in = ‘I)i(Ik2Blhn), i=1,...,1;
(41) Bll+l2+i,n = q)z(xk3Bll+l2,n)a i=1,...,13
BlflTJ’»fL"n = ‘I)i(IkTBl,lhn), 1= 1, ey lr.

We also set Co ,(y) = A, (1, y). Again, from the definition of ®, we obtain a set of equations involving A,
Apt+1 = By, the B; ,, and C;,,. We define generating functions A and C; (i =0,...,1) as in Section 3.

Starting with A, 11 = By, we substitute repeatedly the values of the B; ,, from previous equations and
set y = 1. After a simple computation we arrive at

(4.2) A((x -1 = 22" = (@ = 1)} + 2 U (2, Co, ..., Ci1),

where U is a polynomial in the variables z,Cy,...,C;—1. Observe that the difference between (4.2) and
equation (3.1) is that now U is not a concrete expression but a certain polynomial that depends on the
particular values of the k; and ;.

Let wy, ..., w; be again the power series solutions of (3.2). Substituting = w; in (4.2) for j =1,...,1,
we obtain a system of linear equations in the C;. Since the coefficients are rational functions in the wyj,
the solution consists also of rational functions; they are necessarily symmetric since the w;, being conjugate
roots of the same algebraic equation, are indistinguishable.

Thus we have proved the following result.

THEOREM 4.1. Let k1,11, .., k., 1. be positive integers, and let k = > ki, l =3 1;. Let gn be the number
of lattice paths from (0,0) to (In,kn) that never go above the path (N* E' ... N* B and let wy, . .., w;
be the unique solutions of the equation
(w—1)! = zw*tt =0

n

that are fractional power series. Then the generating function Q(z) = >, <o qn2" is given by

Qz) = %R(wl, Ce W),

where R is a computable symmetric rational function of wy,...,w;.
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As an example, let r = 2 and (k1,11 k2,l2) = (2,2,1,1), so that k =1 = 3. Solving the corresponding
linear system we obtain
R— (1—11}1)(1—102)(1—103)
2w wows — (wlwg + wiws + ’wg’wg),

and
1
Q(2) = =R =1+ 162 + 50322 + 199042% + 8855002* + 422989442° + . . . .
z

It should be clear that for any values of the k; and /; the rational function R can be computed effectively.
5. Concluding Remarks

It is possible to obtain an expression for the generating function of the full Tutte polynomials A, (z,y)
defined in Section 3. We have to find the values of Cy, C1, ..., Cj_; satisfying the system (3.3) and substitute
back into (3.1). After some algebraic manipulation, the final expression becomes

Z An(z,y)z" =

n>0

—(z—wy) - (z —wy)
(zabtl —(z = 1)) (y —wi(y — 1)) - (y —wi(y — 1))

Taking x = y = 1 we recover the formula stated in Theorem 3.1.

On the other hand, references [MS] and [MSV] also study a different question on the tennis ball problem,
namely to compute the sum of the labels of the balls outside the basket for all possible configurations. For a
given lattice path P,, this amounts to computing the sum of all elements in all bases of the matroid M[P,].
We remark that this quantity does not appear to be computable from the corresponding Tutte polynomials
alone.

Finally, as already mentioned, the technique of forcing an expression to vanish by substituting algebraic
functions was introduced by Tutte in his landmark papers on the enumeration of planar maps. Thus the
present paper draws in more than one way on the work of the late William Tutte.

References

[BMN] J. E. Bonin, A. de Mier, M. Noy, Lattice path matroids: enumerative aspects and Tutte polynomials, J. Combin. Theory
Ser. A 104 (2003), 63-94.

[GM] R. Grimaldi, J. Moser, The Catalan numbers and the tennis ball problem, Congr. Numer. 125 (1997), 65-71.

[MS] C. L. Mallows, L. W. Shapiro, Balls in the lawn, J. Integer Sequences 2 (1999).

[MSV] D. Merlini, R. Sprugnoli, M. C. Verri, The tennis ball problem, J. Combin. Theory Ser. A 99 (2002), 307-344.

[S] R. P. Stanley, Fnumerative combinatorics, Vol. 2, Cambridge University Press, Cambridge, 1999.

[T1] W. T. Tutte, A contribution to the theory of chromatic polynomials, Canadian J. Math. 6 (1954), 80-91.

[T2] W. T. Tutte, On the enumeration of planar maps, Bull. Amer. Math. Soc. 74 (1968), 64-74.

[W] D. J. A. Welsh, Complexity: knots, colourings and counting, Cambridge University Press, Cambridge, 1993.

DEPARTAMENT DE MATEMATICA APLICADA II, UNIVERSITAT POLITECNICA DE CATALUNYA
Current address: Mathematical Institute, 24-29 St Giles’, Oxford OX1 3LB, United Kingdom
E-mail address: demier@maths.ox.ac.uk

DEPARTAMENT DE MATEMATICA APLICADA II, UNIVERSITAT POLITECNICA DE CATALUNYA, PAU GARGALLO 5, 08028 BARCELONA,
SPAIN
E-mail address: marc.noy@upc.es



