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Decomposition of Green polynomials of type A and
DeConcini-Procesi algebras of hook partitions

Hideaki Morita and Tatsuhiro Nakajima

ABSTRACT. A Kraskiewicz-Weymann type theorem is obtained for the DeConcini-Procesi algebras of hook
partitions. The DeConcini-Procesi algebras are graded modules of the symmetric groups, that generalize
the coinvariant algebras. Defining the direct sums of the homogeneous components of the algebra in some
natural way, we show that these submodules are induced from representations of the corresponding subgroup
of the symmetric group. The Green polynomials of type A play an essential role in our argument.

1. Introduction

Let Ry, = @, R? be the coinvariant algebra of the symmetric group S,. For each I € {1,2,...,n}
and for each k =0,1,...,1 — 1, define a subspace R,,(k;l) of R,, by

Ru(k;l):= & R;.
d=k mod [
In our previous work [MN], we have shown that all R, (k;l) (k = 0,...1 — 1) are S,-submodules of equal
dimension and induced by modules of the subgroup H, () of S,,. Here H,(l) indicates a direct product of a
cyclic group of order | generated by

(A, DI +1,...20) - ((d=—1D)I+1,....d) .

and the symmetric group of order r, where r is a remainder of n divided by .

In this article we consider the “DeConcini-Procesi algebras” in place of the coinvariant algebras in the
preceding result. The DeConcini-Procesi algebra R, is a graded S,-module parameterized by a partition
of n. The algebra R,, serves the generalization of R, since R, = R,, when p = (1").

From the geometric point of view, DeConcini-Procesi algebras are isomorphic to the cohomology ring
of the fixed point subvarieties of flag varieties. Namely, the coinvariant algebras are isomorphic to the
cohomology ring of the flag varieties. Since the fixed point subvarieties are singular, we generally cannot
expect nice combinatorial properties of the Betti numbers, such as unimodal symmetry. Hence we may face
some difficulty when we try to achieve the results similar to the case of the coinvariant algebras. In fact,
even if we collect the homogeneous components of R, whose degree is congruent to k& modulo n for each

k=0,...,n—1, the dimensions of them do not coincide.
However, we find that there exists a positive integer M, for a partition ;1 such that R, holds the above
mentioned property for the coinvariant algebras for [ = 1,..., M. Essential tools to prove our main result
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are the “Green polynomials”. Green polynomials were introduced by J. A. Green [Gr] for the sake of
determining the irreducible characters of the general linear groups over finite fields. They also afford the
graded characters of the DeConcini-Procesi algebras. In this article, we construct the standard decomposition
for the Green polynomials. By applying this decomposition we prove the properties for the homogeneous
components of the DeConcini-Procesi algebras associated to the hook type partitions.

2. DeConcini-Procesi algebras

Let P, = Clz1,...,z,] denote the polynomial ring with n variables over C. Then S,, acts on P, from
the left as permutations of variables as follows:

(0f) (@1, 20) = f(Zo1) -+ s Ta(n))s

where o € S, and f(x1,...,2,) € P,.
We introduce the homogeneous S,,-stable ideal of P, associated to a partition u = (p1, 2, .. ., tn) of n.
Let p/ = (u}, i, . .. ) be the conjugate of u. Now we designate by I, the ideal generated by the collection of
symmetric functions
k= 17 sy M1, }

{em(xi17-..7xink+l) n—k‘*‘l—(li;g‘f‘/i;gﬂ‘f"'""ﬂ;“)<m§n—k+1

where €, (4, , ..., %,_,.,) denotes the m-th elementary symmetric function in the variables z;,, ..., i, _,. .
For example, when p = (2,1) b 3, then

I _ 63(501,5172,173),62(171,172,333),61(56173327333),
21 62(961, iCz), 62(201,&63), 62(302, £C3)

The DeConcini-Procesi algebra R,, associated to y is defined as a quotient algebra
R, :=P,/1,

[DP, GP, T|. It is apparent from the definition of I, that R, is a graded S,-module. We write its
homogeneous decomposition as
d
R,=EPR.

d>0
Let chary R,, denote the graded S,,-character of R, defined by

chary R, := Z qd char RZ ,
d>0

where char Rﬁ is the character of S,-submodule Rﬁ.
For £k =0,...,l — 1, define
R.ksl):= & Ri.
d=Fk mod

What we would like to know first is which ! makes all the dimensions of R, (k;!) coincide. In order to answer
this question, we might consider the Poincaré polynomial of R, which is obtained by evaluating the graded
character at the identity. The graded characters are discussed in detail in the next section. In this section
we only state the following lemma that is useful for our purpose.

LEMMA 2.1. Let q be an indeterminate and f(q) = > .~ aiq" € Clg] a polynomial in q. Let £ > 2 be an
integer and C; the primitive £-th root of unity. Then the following conditions are equivalent:
(a) f(¢F)=0 for eachk=1,...,0—1,
(b) The partial sums ¢y =Y ,—; moqae@ (K =0,1,...,0—1) of coefficients of the polynomial f(q) are
independent of the choice of k.
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3. Green polynomials

The graded characters of the DeConcini-Procesi algebras are known as the Green polynomials (of type
A). For pkmn, let X} be the coefficient polynomials of the Hall-Littlewood symmetric functions P,(z;t) in
the power sum product p,(z), i.e.,

pp(z) = Z XL (t)Pu(z;t).

pukEn

The Green polynomials Q4(q) [Gr, Mc] are defined by
Q4(q) = q" WX (q ™),

where n(p) = >;5, (1 — Dy for p = (1, p2, . ..). i
The Green polynomials have another expression using the modified Kostka polynomials Ky, (g). [Mc].
If we denote by Xz‘ the value of an irreducible character x* for S, at the element of cycle-type p, then

Q4(q) = xpEKou(a).
AFn

Since the coefficient of ¢¢ in the polynomial Ky o is also known as the multiplicity of the irreducible component
VA in RY (see e.g., [GP]), we find that the Green polynomial Q% (q) affords the value of the graded character
of R, at the element of cycle-type p, i.e.,

Q% (q) = charg R, (p).
In addition, applying the combinatorial expression of the Kostka polynomials [LS]
Ral) = > =,
TESSTab,,(\)
it immediately follows that
[RE : V] = #{T € SSTab,()) | coch(T) = d}.

Here SSTab,,(\) denotes the set of semistandard Young tableaux of shape A with weight p, and coch(T') the
cocharge of a tableau T'.

Some explicit forms of Q‘p‘(q) have been known when p takes some special partitions. Before we expose
them, we give some symbols that appear in the explicit expressions. For each partition p = (1"™12™2 ... n™n)
of n, we define

M, = max{mi,...,my},
() =[[A - =¢*)- (1 —q™),
i>1

ep(@) =1 =™ A —g>)m - (1—g")™ .

In the case of u = (1™), that corresponds to the graded character of the coinvariant algebra, Qg,ln)(q)
can be expressed as follows (see e.g., [G]).

ProrosiTiON 3.1. For pFn

1-9)(1-g¢*)--(1—¢q")
ep(Q)
If 4= (2,1"2) F n (a hook type), then A. Morris gives Q% explicitly [Mr].

chary R (q) = Q\"(q) =
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PROPOSITION 3.2 (Morris). For p = (171272 ...n"™),
(1-¢)---(1-q"?
ep(Q)

In both of the cases above, we find that Green polynomial Q% (q) can be decomposed into the rational

factor
(1-q)---(1—¢")

ep(Q)
and the polynomial factor. This fact holds for the Green polynomial in general and we expose it in the
following theorem. Note that the theorem plays an important role to prove our main result.

QP Ng) = {(ry = 1)q" —rig" "+ 1},

THEOREM 3.3. Let p and p be partitions of n. Then there exists a polynomial G(q) € Zlq] such that

b(lMu ) (q) M
ep(q) Gp (Q)

The theorem is deduced from an expansion of the product of two Hall-Littlewood functions P F;-) by
Py’s, where r is the last part of ¢/ and @ = (u/\(r)) = n —r. Applying Lemma 2.1 to Theorem 3.3, we
obtain the answer to the question in the previous section.

COROLLARY 3.4. Let u be a partition of n. For any [ € {2,...,M,} and for each k =0,1,...,1— 1, ¢F
is zero of Q’(‘ln)(q). Hence the dimensions of R, (k;l) (k=0,...,1 — 1) are equal each other.

QL (q) =

When the partition u - n is of a hook type, we can obtain an explicit expression of Gf,f(q), that generalizes
Morris’ formula in Proposition 3.2.

PROPOSITION 3.5. Let p1 = (n — h,1") - n be a hook type partition. Then, for p = (171272 ...n™"),
(1-q)---(1-q")
ep(Q)

Qh(q) = Gh(q) ,

where

aw=-m-> ¥ () (F)rtew

k=1 r=(1t1.-k'k)FEk

4. DeConcini-Procesi algebras of hook type

In this section we show that, for a hook partition 1, the DeConcini-Proseci algebra R, holds the property
similar to the coinvariant algebra R,,, i.e., there is a subgroup of S,, and its modules with equal rank such
that all R, (k;1) are induced by the modules.

Let g = (n — h,1") be a hook partition of n. We suppose n — h > 1 below, since R, is the coinvariant
algebra if n —h = 1. In this case M, = h and it follows from Corollary 3.4 that for each [ € {(1,)2,...h}
the dimensions of R, (k;l) (k=0,...,l—1) coincide. When p = (n —h,1") and [ € {2,...h}, we denote by
d and r the quotient and the remainder of A divided by I. Set i = (n — h,1") and v = (1%).

Let C; be a cyclic subgroup of S,, generated by an element

a=(1,2,....,0(0+1,1+2,...;20) - (d=DI+1,(d= 1Dl +2,...,dl),
where (7,74 1,...,1+1) is a cyclic permutation of length [ and S,,_4 a subgroup of S,, defined by
Sp—ar:={0 € Splo(i) =1 fori=1,2,...,dl}.

We should prove the following theorem to obtain the result mentioned above. This is our main result in
this article.
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THEOREM 4.1. Let p = (n — h,1") (n — h > 1) be a hook type partition of n. For an integer | €
{2,3,...;h}, let h=dl+r (0>r >1—-1). Weset i = (n—h,1"). Then there is an S, x Cj-module
isomorphism
Sy
R, = Ry
1 e
In the theorem above, the S, x Ci-module structures are defined as follows. The algebra R,, is regarded

as an S, X Cj-module. The group C; acts on R, by

ar = (e (z € Rz).

Sn
R—T - R;
" Sn_adi @ 7@ My
Uesn/snfdl
is also regarded as an .S,, x Cj-module. The action of Cj is defined by

The induced module

alc@z)=ca ' ®ar=(loa ' @r (z¢€ Rg).

Comparing the Cf—eigenspaces of a € C} in both sides, we have the very thing that we would like to
prove.

COROLLARY 4.2. Let u = (n — h,1") (n — h > 1) be a hook type partition of n. If we choose an integer
1 €{2,3,...,h}, then there is an S,-module isomorphism

R, (k1) = Z,(k:1 T
wlbil) = 2y o
for each k =0,1,...,0 — 1. We define here the representation Z,,(k;1) of C; x S,,_q by
ZM(]C, l) = @ @ w(k—coch(T)) ® V)\ ,

AFn—dl TeSSTaby (X)

Sn

where ¢) : g — ¢} denotes an irreducible representation of C; = (a), and VA a irreducible representation
of S,,_q4; associated to the partition A of n — dI.
5. Outline of the proof of Theorem 4.1

We will show that S
char R, (w,a’) = char RELTS” (w, a?)

n—dl

for each (w,a?) € S,, x C.
S’Vl .
First we calculate the right-hand side of the above identity. If char R;LT (w,a’) # 0, then there
n—dl

Sn . . .
exists a basis element 0 ® x of char RELTS (w,a?) such that (w,a’)(0 ® z)|sg. # 0. Since (w,a?)(c@x) =
n—dl

. . - . . S’Vl .
woa ! @alxr = Cldjwaa_J ®x, it should follow that woa™ = o mod S,,_4; if char R;LT (w,a’) # 0. Thus
Snfdl
we have the following lemma:

LEMMA 5.1. If char R[Jz:ﬂu (w,a?) # 0, then w ~ a’v for some v € S,_a
If woa™ = 0 mod S,,_q;, then woa™ = o7 for some 7 € S;,_g4;. Setting
SYU) (w) :={o € 8,/Sp_alwoa™ = o1}
S\ (w) := {0 € 8,/Sn_alwoa™ = o mod S,_a},
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we have

Sn . .
char RﬁT (w,a’) = Z 4SY) (w) char Ry (T)|q:Clj

nod TESh_dl
Z 4SY) (w) char Ry (U)|q:€lj
TESn—dl

= tSYW (w) char Ry (v)]

a=¢-

(Note that v ~ 7 if w = a/v and woa™ = o7.) We can enumerate the permutations belonging to the set
S (w):
PROPOSITION 5.2. For w = a’v € S,

1S9 (w) = pe! (” e) ,

where \(a?) = (p°), M(v) = (1712%2...).
Let us summarize the above arguments:

PROPOSITION 5.3. Suppose A(a’?) = (p¢). Then

Sn ) eel (*7 7€) char, R;(v)| _.;, if w~ a/v for some v € S,,_ 4
CharRﬂT (w,a?) = p ( e ) a B )|q*<zj’ . "
Sn—a 0, otherwise.

On the other hand, for the left-hand side of the identity that we are now proving, it follows from Theorem
3.3 the following lemma:

LEMMA 5.4. If Q’;(w)(gj) £ 0 for some w € S, then w ~ a’v for some v € S,_q1.

Applying decomposition of the Green polynomials in Theorem 3.3 to some recursive relations of them, we
can obtain

charg R, (w) i = Qi(w)(czj) — el (Zp:' e) Qi(v)(ﬁlj) .

We have thus shown the identity of two characters, thereby completing the proof of our main theorem.
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