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Abstract. We give an expression of the Schur function S �
(m,n), indexed by the rectangular partition

�
(m, n) = (nm) as a sum of products of certain Schur functions and Schur’s Q-functions.

Résumé. Nous donnons une expression de la fonction de Schur S �
(m,n), indexée par la partition rectangu-

laire
�

(m, n) = (nm), comme une somme de produits de fonctions de Schur et de Q-fonctions de Schur.

1. Introduction

Let λ be a strict partition. Draw the Young diagram of λ and fill each cell with 0 or 1 in such a way
that, in each row the sequence (0110) repeats from the left as long as possible. For a positive integer `,
set A` = (4` − 3, 4`− 7, · · · , 5, 1). Let Fn

1 (A`) be the set of strict Young diagrams which are obtained by

appending n 1 ’s to A`. Our formula reads

∑

µ∈Fn
1 (A`)

δ(µ)Qµb[0](t)Sµb[1](t
′) = S�(2`−n,n)(t),

where (µb[0], µb[1]) is the 4-bar quotient of µ, δ(µ) is a sign, Sν(t) and Qν(t) are the Schur function and
the Q-function, respectively, corresponding to the partition ν, expressed as polynomials of the power sum
symmetric functions (or the so-called Sato variables) t = (t1, t2, t3, · · · ) and t′ = (t2, t4, t6, · · · ).

We understand this formula from the viewpoint of the basic representation L(Λ0) of the affine Lie algebra

of type A
(1)
1 , or more suitably, type D

(2)
2 . It is known that the weight vectors of the basic representation

of D
(2)
2 are, in the principal picture, best described by means of the Q-functions ([6]). In particular the

maximal weight vectors are the Q-functions Qλ(t) with λ = A` = (4` − 3, 4` − 7, · · · , 5, 1) or λ = B` =
(4` − 1, 4`− 5, · · · , 7, 3, 0) (` = 0, 1, 2, · · · ). To give the intertwining operator between the principal and
homogeneous realizations we make use of 4-bar quotients of the strict partitions, which arise naturally from
the parting the neutral fermions into the neutral and charged fermions. Through this intertwining operator,
one sees that, in the homogeneous realization, fn

i v (i = 0, 1, n = 0, 1, 2, · · · ) is expressed as a rectangular
Schur function for any maximal weight vector v. For the identification we will employ some fermion calculus.
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2. Combinatorics of strict partitions

Let Pn denote the set of all partitions of n, SPn the set of all strict partitions of n, and OPn the set of
those partitions of n whose parts are odd numbers. For λ ∈ Pn, `(λ) denotes the number of non-zero parts
of λ. We need the following ”4-bar abacus”:

0 1© 3
2©
4 5 7
6©
8 9© 11©
10
12 13 15

For a strict partition λ we put a set of beads on the assigned positions. The above figure is the 4-bar
abacus representing the strict partition λ = (11, 9, 6, 2, 1). From the 4-bar abacus of the given strict partition
λ, we read off a triplet of partitions (λbc, λb[0], λb[1]) as follows: The strict partition λb[0] is obtained by
reading the halves of even positions of the beads. In the above example we see that λb[0] = (3, 1). For the
right two runners, horizontal levels are numbered as 0, 1, 2, · · · from the top. We mark (by writing 1) the
levels of the beads on the central runner and unmark (by writing 0) the vacancies. In the above example
we get (1, 0, 1, 0) = (1, 0, 1, 0, 0, · · · ). Also we unmark the levels of the beads on the rightmost runner and
mark the vacancies. In the example we get (1, 1, 0, 1) = (1, 1, 0, 1, 1, · · · ). Arrange the two obtained infinite
(0, 1)-sequences:

1011|1010

On the right of the bar ”|”, the sequence of the central runner comes, and on the left the reversed sequence
of the rightmost runner comes. Counting the 0’s to the left of each 1, we get the partition λb[1]. The above
(0, 1)-sequence shows that λb[1] = (2, 1, 1, 1). Finally, if ` ∈ Z is the number of beads on the central runner
minus that on the rightmost runner, we set λbc = A` = (4` − 3, 4` − 7, · · · , 5, 1) for ` ≥ 0 (A0 = ∅), and
λbc = B|`| = (4|`| − 1, 4|`| − 5, · · · , 7, 3, 0) for ` < 0. In the above example we see that λbc = A1 = (1). Note

that |λbc|+ 2|λb[0]|+ 4|λb[1]| = |λ|. The above procedure is invertible and the correspondence between SPn

and the set {(λbc, λb[0], λb[1]); |λbc|+ 2|λb[0]|+ 4|λb[1]| = n} is shown to be one-to-one. The strict partition
λbc is called the ”4-bar core” of λ and the pair (λb[0], λb[1]) is called the ”4-bar quotient” of λ (cf. [7]).

For a strict partition λ we draw the Young diagram and fill each cell with 0 or 1 in such a way that,
in each row the sequence (0110) repeats from the left as long as possible. Let Fn

i (λ) (i = 0, 1) denote the

set of the strict partitions obtained by appending n i ’s to the Young diagram λ. It is easy to see that the

cardinality of Fn
1 (A`) is the coefficient of xn of (1 + x+ x2)`, and that of Fn

0 (B`) is the sum of coefficients
of xn and xn−1 of the same polynomial.

Each strict partition µ in Fn
1 (A`) or Fn

0 (B`) has its own sign δ′(µ) = (−1)g, where g is, in the 4-bar
abacus of µ, the number of beads on the central runner at the positions bigger than that of each bead on
the leftmost runner. For example, for µ = (9, 7, 2) ∈ F3

1 (A3), whose 4-bar abacus looks

0 1 3
2©
4 5 7©
6
8 9© 11
10
12 13 15

the sign is δ′(µ) = −1, since g = 1.
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3. The formula

Let χλ
ρ be the irreducible character of the symmetric group Sn, indexed by λ ∈ Pn and evaluated at

the conjugacy class ρ ∈ Pn. And let ζλ
ρ be the irreducible negative character of the double cover S̃n of the

symmetric group, indexed by λ ∈ SPn and evaluated at the conjugacy class ρ ∈ OPn. In our context the
Schur function indexed by λ ∈ Pn is defined, as a polynomial of u = (u1, u2, u3, · · · ), by

Sλ(u) =
∑

ρ∈Pn

χλ
ρ

um1
1 um2

2 · · ·
m1!m2! · · ·

,

where the summation runs over the partitions ρ = (1m12m2 · · · ) ∈ Pn (cf. [5]). Schur’s Q-function indexed
by λ ∈ SPn appears, as a polynomial of t = (t1, t3, t5, · · · ), in the form

Qλ(t) =
∑

ρ∈OPn

2
`(λ)−`(ρ)+ε

2 ζλ
ρ

tm1
1 tm3

3 · · ·
m1!m3! · · ·

,

where the summation runs over the partitions ρ = (1m13m3 · · · ) ∈ OPn, and ε = 0 or 1 according to that
n− `(λ) is even or odd (cf. [2]). It is sometimes convenient to normalize Q-functions as

Pλ(t) = 2−`(λ)Qλ(t).

These functions are called Schur’s P-functions. We can now state our formula.

Theorem 3.1. For non-negative integers ` and n, we have

∑

µ∈Fn
1 (A`)

δ′(µ)Qµb[0](t)Sµb[1](t
′) = S�(2`−n,n)(t),

∑

µ∈Fn
0 (B`)

δ′(µ)Qµb[0](t)Sµb [1](t
′) = S�(n,2`+1−n)(t),

where t = (t1, t2, t3, · · · ) and Sν(t′) = Sν(u)|uj 7→t2j
.

4. Basic representation

In this section we connect our formula with the basic representation of the affine Lie algebra of type

A
(1)
1 . It turns out to be that our formula describes certain weight vectors in the homogeneous realization of

the basic representation L(Λ0).
Associated with the Cartan matrix

(aij)i,j=0,1 =

(

2 −2
−2 2

)

the Lie algebra g of type A
(1)
1 is generated by ei, fi, hi and d subject to the relations

[hi, hj ] = 0, [hi, ej ] = aijej , [hi, fj ] = −aijfj ,

[ei, fj ] = δi,jhi, (adei)
1−aijej = (adfi)

1−aijfj = 0 (i 6= j),

and

[d, hi] = 0, [d, ej ] = δj,0ej , [d, fj ] = −δj,0fj .

The Cartan subalgebra h of g is spanned by h0, h1 and d. Choose the basis {α0, α1,Λ0} for the dual space
h∗ of h by the pairing

< hi, αj > = aij , < hi,Λ0 >= δi,0,

< d, αj > = δ0,j , < d,Λ0 >= 0.
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The fundamental imaginary root is δ = α0 + α1.
The basic representation L(Λ0) of g is by definition the irreducible highest weight g-module with highest

weight Λ0 (cf. [4]). The weight system of L(Λ0) is well-known:

P (Λ0) = {Λ0 − pδ + qα1; p, q ∈ Z, p ≥ q2}.

A weight Λ on the parabola Λ0 − q2δ + qα1 (q ∈ Z) is said to be maximal in the sense that Λ + δ is no
longer a weight.

We discuss a twisted version of the principal realization of L(Λ0), or more suitably, the basic represen-

tation of the affine Lie algebra of type D
(2)
2 , which is isomorphic to A

(1)
1 .

The basic representation in principal grading is realized on the space

V (2) = C[tj ; j ≥ 1, odd]

of the P-functions ([6]). In fact, the P-functions form a weight basis of L(Λ0) = V (2). Given a strict partition

λ, fill the Young diagram with 0 or 1 as in Section 2. If the number of i ’s is mi (i = 0, 1), then the weight
of the corresponding P-function Pλ(t) equals Λ0 −m0α0 −m1α1. In particular the weight of PA`

(t) (resp.
PB`

(t)) equals Λ0 − `2δ + `α1 (resp. Λ0 − `2δ − `α1), which is maximal for any ` ≥ 0. The action of
fi ∈ g (i = 0, 1) to the P-function Pλ(t) is easily described:

fiPλ =
∑

µ∈F1
i (λ)

Pµ.

Strict partitions in Fn
i (λ) occur in the expression of fn

i Pλ.
Another realization of the basic representation is known, one in the homogeneous grading. The rep-

resentation space turns out B = V ⊗ C[q, q−1], where V = C[tj ; j ≥ 1]. Define the linear isomorphism Ψ
by

Ψ : V (2) −→ B

Pλ(t) 7→ 2
`(λb[0])

2 δ(λ)Pλb [0](t)Sλb[1](t
′)⊗ qm(λ)

where m(λ) is determined by drawing the 4-bar abacus of λ:

m(λ) = (number of beads on the central runner of λ)

− (number of beads of the rightmost runner of λ)

and δ(λ) is certain sign which is naturally determined by arranging the fermion operators corresponding to
λ. Here we only remark that δ(λ) coincides with δ′(λ) for λ in Fn

1 (A`).
The representation of g on B, which is induced by Ψ, is the basic representation in the homogeneous

grading. In fact, if we define the degree in B by

deg(f(t)⊗ qm) = degf(t) +m2,

then degΨ(Pλ) is equal to the number of 0 ’s in λ.
Now our first formula can be translated into

Ψ(
1

n!
fn
1 PA`

) = 2−
n
2 S�(2`−n,n) ⊗ q`−n.

As for the second formula we need to extend Ψ to a superspace V (2) ⊕ V (2)θ.



RECTANGULAR SCHUR FUNCTIONS AND FERMIONS 5

5. Fermionic Fock space

In this section we look at the formula from the fermionic point of view. Although we will not give a
proof of the formula in this extended abstract, we emphasize that the discussion of this section is essential
for our proof.

We first recall how to realize the basic representation of g in terms of free fermions. Let B be the
C-algebra generated by βn (n ∈ Z) subject to the relations

βnβm + βmβn = (−1)nδn+m,0 (n,m ∈ Z).

Note that β2
0 = 1/2. These generators are often called the neutral free fermions. Define the degree on B by

degβn = 1. If we let B0 (resp. B1) be the subspace consisting of the elements of even (resp. odd) degree, then
B = B0⊕B1 has a structure of a superalgebra. Let F = F0⊕F1 = B0|0〉⊕B1|0〉 be the fermionic Fock space,
where the vacuum |0〉 is defined by βn|0〉 = 0 (n < 0). The vacuum expectation value 〈0|a|0〉 (a ∈ B) is
uniquely determined by putting 〈0|1|0〉 = 1, 〈0|β0|0〉 = 0. The normal ordering for the quadratic elements is
defined by : βnβm := βnβm − 〈0|βnβm|0〉.

Set

e0 =
√

2
∑

n∈Z

β4nβ−4n−1, e1 =
√

2
∑

n∈Z

β4n+2β−4n−3

f0 = −
√

2
∑

n∈Z

β4nβ−4n+1, f1 = −
√

2
∑

n∈Z

β4n+2β−4n−1

h1 = 2
∑

n∈Z

: β4n+3β−4n−3 :

and h0 = 1− h1. These elements generate a Lie algebra inside B0, which is known to be isomorphic to the

affine Lie algebra g of type A
(1)
1 . The representation of g on F via the action of B0 turns out to be the direct

sum V (2) ⊕ V (2)θ of the basic representation, where θ is a symbol satisfying θ2 = 1. One often identifies θ
with

√
2β0. The isomorphism ΦP from F to V (2) ⊕ V (2)θ is given by

ΦP : a|0〉 7→ 〈0|eHB(t)a|0〉+ 〈0|
√

2β0e
HB(t)a|0〉θ (a ∈ B),

where HB(t) = 1
2

∑

j≥1,odd

∑

n∈Z
(−1)n+1tjβnβ−n−j . This type of isomorphism is often called the boson-

fermion correspondence (cf [1] or [6]). A standard fermion calculus shows that, putting βλ|0〉 = βλ1 · · ·βλ`
|0〉,

ΦP (βλ|0〉) =
√

2
−`
Qλ(t)θε for a strict partition λ = (λ1, · · · , λ`) (λ1 > · · · > λ` > 0), where ε = 0 or 1

according to that ` is even or odd. In order to give a boson-fermion correspondence in the homogeneous
grading, we make parting of the neutral free fermions into three groups: {ψn;n ∈ Z}, {ψ∗n;n ∈ Z} and
{φn;n ∈ Z}, where

ψn = iβ4n+1, ψ
∗
n = iβ−4n−1, φ2n = β4n, φ2n+1 = iβ4n+2 (i =

√
−1).

A product of β’s is rewritten as a word of ψ, ψ∗ and φ’s.
For an integer m and for ε = 0, 1, we set

〈m, ε| =











〈0|ψ∗0 · · ·ψ∗m−1θ
ε (m ≥ 1)

〈0|θε (m = 0)

〈0|ψ−1 · · ·ψmθ
ε (m ≤ −1).

The homogeneous boson-fermion correspondence

ΦH : F −→ (V ⊕ V θ)⊗ C[q, q−1] ∼= B ⊕ Bθ
is given by

ΦH(a|0〉) =
∑

m∈Z,ε=0,1

〈m, ε|eHA(t)+HB(t)a|0〉θε ⊗ qm (a ∈ B),
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where HA(t) = 1
2

∑

j,n∈Z
t2j : ψnψ

∗
n+j :. It is easily seen that

ΦH(F0) = V ⊗ C[q2, q−2]⊕ V θ ⊗ C[q2, q−2]q,

ΦH(F1) = V θ ⊗ C[q2, q−2]⊕ V ⊗ C[q2, q−2]q.

Both are isomorphic to V ⊗ C[q, q−1] = B.
Here we give an example illustrating how to associate a polynomial with an element of the fermionic

Fock space F . Take A3 = (9, 5, 1) and F1
1 (A3) = {(10, 5, 1),(9, 6, 1),(9, 5, 2)}. For µ = (9, 5, 2), we consider

βµ = β9β5β2|0〉 = φ1ψ2ψ1|0〉 ∈ F and see that

ΦH(β9β5β2|0〉) = ΦH(φ1ψ2ψ1|0〉)
= 〈2, 1|eHA(t)+HB(t)φ1ψ2ψ1|0〉θ ⊗ q2

= 〈0|ψ∗0ψ∗1
√

2φ0e
HA(t)+HB(t)φ1ψ2ψ1|0〉θ ⊗ q2

=
√

2〈0|eHB(t)φ1φ0|0〉θ〈0|eHA(t)ψ∗0ψ
∗
1ψ2ψ1|0〉 ⊗ q2

=
√

2
−1
Q(1)(t)S(1,1)(t

′)θ ⊗ q2.

Likewise one computes

ΦH(β10β5β1|0〉) =
√

2
−1
Q(5)(t)θ ⊗ q2,

ΦH(β9β6β1|0〉) = −
√

2
−1
Q(3)(t)S(1)(t

′)θ ⊗ q2.

A combinatorial calculation shows that, for a strict partition λ,

ΦH(βλ|0〉) = cQλb[0](t)Sλb[1](t
′)θε ⊗ qm(λ),

where ε = 0 or 1, and c = ±
√

2
g

with g ∈ Z. The sign (±) comes from the arranging the fermions to the
normal form, which we shall discuss in the next section. The action of the Lie algebra g on F (and on B⊕Bθ
via ΦH) is best described in terms of the vertex operator. To prove the formula we employ a calculation of
the vertex operators (cf. [3]), which we shall omit here.

6. Determining the sign

We see that the sign which appears in our formula can be easily determined by looking at the 4-bar
abacuses. We explain this fact through an example. Take the partition

λ = (35, 31, 25, 23, 18, 15, 11, 6, 1) ∈ F12
1 (A9)

and write the corresponding state

βλ|0〉 = ψ∗−9ψ
∗
−8ψ6ψ

∗
−6φ9ψ

∗
−4ψ

∗
−3φ3ψ0|0〉.

We rewrite this state into the normal form as follows.

Step 1. Equate the number of ψ’s and ψ∗’s by ”shifting the vacuum”.
Step 2. Move φ’s to the left of ψ’s and ψ∗’s.
Step 3. Make pairs ψ∗ψ:

ψ∗−9ψ
∗
−8ψ6ψ

∗
−6φ9ψ

∗
−4ψ

∗
−3φ3ψ0|0〉

=
step1

(−1)4ψ∗−9ψ
∗
−8ψ6ψ

∗
−6φ9ψ

∗
−4φ3ψ0ψ−1ψ−2| − 3〉

=
step2

(−1)4+9φ9φ3ψ
∗
−9ψ

∗
−8ψ6ψ

∗
−6ψ

∗
−4ψ0ψ−1ψ−2| − 3〉

=
step3

(−1)4+9+a′φ9φ3(ψ
∗
−9ψ6)(ψ

∗
−8ψ0)(ψ

∗
−6ψ−1)(ψ

∗
−4ψ−2)| − 3〉,
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where the shifted vacuum is, by definition,

|m〉 =











ψm−1 · · ·ψ0|0〉 (m ≥ 1)

|0〉 (m = 0)

ψ∗m · · ·ψ∗−1|0〉 (m ≤ −1).

We observe that step 1 does not change the sign. Therefore we only have to consider the sign change which
comes from step 2 and step 3. We express the state by the following (modified) 4-bar abacus and attach a
number to each bead:

ψ φ ψ∗

0© 1 −1
1 3© −2
2 5 −3

�
�

�
�

3 7 −4
�
�

�
�

4 9© −5
5 11 −6

�
�

�
�

6© 15 −7
7 17 −8

�
�

�
�

8 19 −9
�
�

�
�

→
step1

ψ φ ψ∗

−3
−2
�
�

�
�10

−1
�
�

�
�8

0©6 1
1 3©2

2 5
3 7 −4

�
�

�
�9

4 9©1 −5
5 11 −6

�
�

�
�7

6©4 15 −7
7 17 −8

�
�

�
�5

8 19 −9
�
�

�
�3

→
word

w = 3 5 4 7 1 9 2 6 8 10,
number of inversions of w = 13.

The numbering of the beads is given in the following way.

1. Number φ’s from bottom to top.
2. Number ψ∗’s and ψ’s according to the layers .

We read the numbers by rows from bottom to top and count the inversions involved in the obtained word.
One can see that this inversion number gives the number a(= a′ + 9) of the interchanges of fermions.
Next we consider the sign which comes from the boson-fermion correspondence, i.e.,

ΦH(φ9φ3(ψ
∗
−9ψ6)(ψ

∗
−8ψ0)(ψ

∗
−6ψ−1)(ψ

∗
−4ψ−2)| − 3〉) = (−1)1+3+5+6 1

2
Q(9,3)S(10,53,3,2).

We read 1, 3, 5, 6 by renumbering beads on the rightmost runner.

−4
�
�

�
�1

−52

−6
�
�

�
�3

−74

−8
�
�

�
�5

−9
�
�

�
�6

→ (1, 3, 5, 6) → b = 1 + 3 + 5 + 6.

Finally we get the desired sign δ(λ) = (−1)a+b. A more careful case-by-case check shows that δ(λ) = δ′(λ)(see
Section 2) for λ ∈ Fn

1 (A`) ∪ Fn
0 (B`).
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