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A new general solution of four-stage explicit Runge-Kutta methods,
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for the initial value problem of scaler ordinary differential equation,
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is presented, which is characterized by 0<as<asz<ay<1, (or 0<ay<az<as<l). More exactly
speaking, it is shown under certain assumptions that the general solution of four-stage Runge-
Kutta of fourth-order is given as

p =1 —po — pi3 — pla.
po = —(3 — dag — day + 6azay) /(129(1 — 7) (yaz — ag)a?),
ps = —(2703(2 — 3ou) — (3 — dau)) /(12(1 — y)(as — as)ad),
pa = —(27053(2 — 3a3) — (3 — da3)) /(12a4(yors — ) (s — au)),
Ba1 = ag, P31 = az — Bs,
B2 = az(1 —7)(3 — 4ay)/(27(3 — 4oy — dyaz + 6yazay)),
Ba1 = oy — Baz — Pz,
Bio = au(yaz — ay)(yaz(9—4az—20a,+4azas+12a3)
—(bas—4a2—2ay4)(3—4ay)) /(27(1—7)(3—4ay) (3 — das—4dyas+6ya3)al),
Buz = (yaz — au)au(as — ay) (3 — 4ay — dyag + 6yazay)/
(1 =7)(3 = 4aa)(3 — day — dyay + 67a3)a3),

and as=vyas, where

7 = |3 — daq|/1/9 — das — 2004 + dagay + 1203 .

In this solution, a3 and a4 are two free-parameters. Also we can take v and a4 as two
free-parameters, since ag can be expressed by v and a4 as

as = (72(9 — 200y + 1207) — (3 — 4ay)?)/(47*(1 — ay)).
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Especially, when v and a4 are adopted as free-parameters, we can prove the following theo-

rem that gives the characterization of the general solution.

Theorem For vy (0<y<1) and oy (0<ay<1), if 0<az< min(1, ¢(cw)), where 1 (2)=z+1%(3—2)?/(1—2),
then it holds that 0<as<asz<ay<1. Moreover, for y>1 and ay (0<ay<1), if 0<yaz<1, then

it holds that O<ay<az<ag<l.

The following is a fourth-order method obtained from the general solution by putting
=1/2 and a,=5/6.

Ynt1 = Yn + 15 (k1 + Bks + 4ky),

kl f(mna yn)

ko f(ycn—l— h, yntg Lhky),

ks f(ycn—l— h, Ytz Lhks),

ky = f(@n+2h, yo+2hki—2hko+2hks).



