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Abstract. A non-stabilized mixed discontinuous Galerkin method for the dis-
cretization of the Maxwell operator on simplicial meshes is studied. In contrast to the
stabilized scheme introduced in [7], the proposed formulation contains no normal—
jump stabilization; instead, it is based on discontinuous mixed-order (IF’Z)3 — ptt!
elements for the approximation of the unknowns. A priori error bounds in the energy
norm are derived that show convergence rates of the order O(h*) in the mesh size h.
The error analysis relies on suitable decompositions of discontinuous spaces and on
stability properties of the underlying conforming spaces. The formulation is tested
on a set of numerical examples in two space dimensions.
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1. Introduction

In this paper, we propose, analyze and numerically test a non-stabilized
mixed discontinuous Galerkin (DG) method on simplicial meshes for
the numerical approximation of the static Maxwell equations in the
mixed form

Vx(p'Vxu)—eVp =j inQ, (1la)
V-(eu) = 0 inQ, (1b)

nxu =0 onT, (1c)

p=0 onl. (1d)

Here, Q is a bounded and simply-connected Lipschitz polyhedron in R3,
I' = 99 its boundary, which we assume to be connected, and n the
outward normal unit vector on I'. The unknowns are the electric field u,
and the Lagrange multiplier p related to the divergence constraint; see,
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2 P. Houston, I. Perugia, and D. Schétzau

e.g., [5, 17]. The coefficients p = u(x) and € = ¢(x) are the magnetic
permeability and the electric permittivity of the medium, respectively;
they are assumed to be real functions which satisfy

0< i <p(x)<p*<oo, 0<e,<e(x)<e*<oo, ae xe (2)

For simplicity, we further assume that p and ¢ are piecewise constant
with respect to a partition of the domain € into Lipschitz polyhedra.
The right-hand side j € L?(2)? is an external source field.

This paper is a continuation of a series of papers, [15], [8], [16],
and [7], devoted to the study of discontinuous Galerkin methods ap-
plied to the Maxwell equations. This study was initiated in [15] where
an hp-local discontinuous Galerkin method was presented for the low-
frequency approximation of the time-harmonic Maxwell equations in
heterogeneous media. The focus there, however, was on the problem
of how to discretize the curl-curl operator using discontinuous finite
element spaces. The numerical experiments presented in [8] have con-
firmed the expected hp-convergence rates for smooth solutions, and
indicate that DG methods can indeed be effective in a wide range of low-
frequency applications with coercive bilinear forms as they typically
arise in the case of conducting materials. In contrast, problem (1) is a
mixed, indefinite formulation of the low-frequency Maxwell equations
within insulating materials.

Later, in [16], a mixed discontinuous Galerkin formulation was pre-
sented to solve the high-frequency time-harmonic Maxwell equations
in mixed form, where the underlying elliptic operator is exactly of the
form (1). The mixed form of the equations was chosen to provide control
on the divergence of the electric field. For smooth material coefficients,
optimal convergence of the method was proved by employing a duality
approach, provided that appropriate stabilization terms were included
in the formulation. From a practical point of view, these stabilization
terms are very undesirable, as they tend to over—constrain the DG
method, and may lead to spurious (non-physical) oscillations in the
vicinity of singularities of the underlying analytical solution. Subse-
quent work has shown that most of the stabilization terms employed
in [16] are unnecessary; indeed, the amount of numerical stabilization
has been drastically reduced in the formulation presented in the suc-
ceeding work [7]. Apart from the standard interior penalty terms, a
normal-jump stabilization term is sufficient to render the mixed method
in [7] well-posed for problem (1); this stabilization is easily achieved by
a suitable (and locally conservative) choice of the numerical fluxes. The
unknowns u and p are then approximated by discontinuous equal-order
(P£)3 — P’ elements on tetrahedral meshes, or by (Q%)3 —Q* elements on
hexahedral meshes. This choice results in a mixed DG method that is
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Mixed DG approximation of the Maxwell operator 3

optimally convergent in the DG-energy norm, with convergence rates
of the order O(h*) in the mesh size h. However, while this has been
confirmed in practice, numerical experiments have also indicated that,
on conforming meshes, the L?norm of the error in the approximation
to u is sub-optimal by a full power of the mesh size.

In this paper, we study a non-stabilized variant of the approach in [7]
on simplicial meshes, that was recently presented in [9]. In this context,
the notion “non-stabilized” refers to the normal-jump stabilization.
Indeed, we show that such stabilization terms are not necessary if
mixed-order (P9)3 — P! elements are employed for the approximation
of u and p. In fact, these elements can be viewed as a discontinuous
version of the conforming pairing that is given by using Nédélec el-
ements of the second type for the approximation of u, and standard
nodal P! elements for p; see [14, 11]. The key advantages of this
approach are that, firstly no additional stabilization is necessary to
ensure that the underlying discretization is well-posed and optimally
accurate in the DG energy norm. Secondly, although this new method
leads to an increase in the number of degrees of freedom employed
for the numerical approximation of the variable p, in comparison to
the equal-order stabilized method introduced in [7] (about twice as
much, in the three-dimensional case), numerical experiments presented
in Section 7 indicate that the L?norm of the error in the approximation
to u is now fully optimal. Thereby, given that p is only a scalar variable,
this increase in complexity is relatively small given that the order of
approximation is increased by a full power of the mesh size for each
component of the approximation to the wvector variable u.

The numerical analysis of the non-stabilized method proposed in
this paper intrinsically differs from that in [7] for stabilized schemes,
although the main result is essentially the same. Let us point out some
of the main differences: in [7], the crucial stability result that gives
coercivity of the discrete curl-curl form on a suitable kernel is obtained
by using a duality approach. The control of all the terms then essentially
relies on the normal-jump stabilization. This is no longer possible for
the non-stabilized (P)? —P**! method considered here. Instead, we use
an orthogonal decomposition of the discontinuous finite element space
V), for the approximation of u into a direct sum of the form

V5, =Via Vi,

where V¥ is the H(curl )-conforming Nédélec finite element space of the
second type (see [14]), and V! is a suitable orthogonal complement. We
then make use of well-known stability results for conforming elements
to control error contributions in V¢, and employ the interior penalty
terms present in our formulation to control those in V}f. This approach
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4 P. Houston, I. Perugia, and D. Schétzau

is very much in the spirit of the recent techniques developed in [4] for
the analysis of stabilized finite element methods. To control the non-
conformity of the method in the Lagrange multiplier p, we use a similar
decomposition of the related discrete space @, namely, @, = Qf @
Qﬁ, where @)} is a standard H I_conforming finite element space; this
decomposition of @);, was also employed in [7]. Then, at the heart of our
analysis are norm-equivalence properties for the above decompositions
of discontinuous spaces which might be of interest on their own.

We remark that although the analysis presented in this paper is
restricted to the case of conforming finite element meshes, numerical
experiments have indicated that the proposed method also works on
grids containing hanging nodes (see, e.g., [9]). Furthermore, despite the
higher number of degrees of freedom of the DG method, in comparison
to its conforming counterpart based on employing Nédéléc elements,
the proposed method is easier to implement on nonconforming meshes
and for higher—-order approximation degrees, and thus it is particularly
suited for hp—adaptivity. On the other hand, since most of the degrees
of freedom are in the interior of the elements, the increase in the total
number of degrees of freedom with respect to the corresponding con-
forming method is not dramatic. Moreover, for anisotropic materials,
where shape—irregular meshes must be employed, a large number of
transitional elements may need to be introduced within a conforming
finite element method, leading to unnecessary additional degrees of
freedom, in order to eliminate hanging nodes in the underlying mesh.

Finally, we point out that the techniques in this paper can be used
almost verbatim to analyze the well-posedness and convergence of the
analogous mixed DG method that is obtained by using discontinuous
Nédélec elements of the first type for the approximation of u (see [12,
13, 11]), and discontinuous P! elements for p; see also Remark 2 below.
This family can be easily extended to hexahedral meshes whereas the
discontinuous (P*)? —P*! pairing proposed in this paper does not seem
to have a natural extension to hexahedra; we note that this is also the
case for its conforming counterpart.

The outline of the paper is as follows. We begin by detailing the
notation for the function spaces that we use throughout the paper. In
Section 2, we present the non-stabilized mixed discontinuous Galerkin
approximation for (1) on tetrahedral meshes. In Section 3, we state our
main results, namely, optimal a priori error estimates for the approxi-
mate solution. Section 4 is concerned with a decomposition result that
is instrumental in our analysis; its proof is postponed to the Appendix.
In Section 5, we introduce an auxiliary mixed formulation and discuss
the stability properties of the involved forms. Then, the error bounds
are proved in Section 6. Finally, in Section 7, we test the performance
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Mixed DG approximation of the Maxwell operator 5

of the proposed method on a series of numerical experiments. The
presentation is ended with concluding remarks in Section 8.

Notation. Given a bounded domain D in R? or R3, we denote by
H?*(D) the standard Sobolev space of functions with regularity expo-
nent s > 0, and norm | - ||sp. For s = 0, we write L?(D) in lieu
of H°(D). We also write || - ||s,p to denote the norm for the space
H*(D)? d = 2,3. Given D C R3, H(curl; D) is the space of vector fields
u € L?(D)? with V x u € L?(D)3, endowed with the corresponding
graph norm. We denote by H{(D) and Hy(curl; D) the subspaces of
HY(D) and H (curl; D) of functions with zero trace and zero tangential
trace on 9D, respectively.

2. Non-stabilized mixed DG discretization

In this section we introduce a non-stabilized mixed discontinuous Gal-
erkin discretization of problem (1).

2.1. VARIATIONAL FORMULATION

Set V = Hy(curl; 2) and Q = H}(2). The standard variational form
of problem (1) consists in finding (u,p) € V x @ such that

a(u,v) + b(v,p) = [g]j-vdx,
b(u,q) =0

for all (v,q) € V x @, where the forms a and b are defined, respectively,
by

a(u,v) = /Q,u_Iqu~V><vdx,

b(v,p) = —/Q ev - Vpdx.

Well-posedness of the above formulation follows from the standard the-
ory of mixed problems [3], since a is bilinear, continuous and coercive
on the kernel of b, and b is linear and continuous, and satisfies the
inf-sup condition; see, e.g., [5, 17] for details.

2.2. MESHES, FINITE ELEMENT SPACES AND TRACES

Throughout, we consider shape-regular conforming meshes 7} that
partition the domain €2 into tetrahedra; we always assume that the
meshes are aligned with the discontinuities in the coefficients ;1 and e.
Each element is affinely equivalent to the reference tetrahedron K =
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6 P. Houston, I. Perugia, and D. Schétzau

{Z1,%9,23 > 0 : T1 + &2 + T3 < 1}. We denote by .7-"}{ the set of all
interior faces of 7p,, by ]:}lf the set of all boundary faces of 7j,, and set
Fn = .7-",{ U ]:E . Similarly, 5,% denotes the set of interior edges, £ E the
set of boundary edges, and &, = 5}{ U 5}?.

For an element K € 75, we denote by P¢(K), ¢ > 0, the space of
polynomials of total degree at most ¢ on K. The generic discontinuous
finite element space of piecewise polynomials is given by

PYT,) ={ue L*Q): ulg € P(K) VK € Tp,}.

For piecewise smooth vector- and scalar-valued functions v and g¢,
we introduce the following trace operators. Let f € F ;{ be an interior
face shared by two elements K and K, and write n® for the outward
normal unit vectors on the boundaries 0K *, respectively. Denoting by
v* and ¢t the traces of v and ¢ on OK¥ taken from within K¥,
respectively, we define the jumps across f by

[Vlr =nt xvT +n~ xv, [¢ly =¢ n" +¢ n,

and the averages by {v} = (v +v7)/2 and {q} = (¢ +¢7)/2. On
a boundary face f € 5, we set [vlr = nx v, [¢]y = gqn, {v} =V
and {¢} = q.

2.3. DISCONTINUOUS GALERKIN DISCRETIZATION

For a given partition 7, of 2, and an approximation order ¢ > 1, we
define the following finite element spaces:

Vi =P(Th)*,  Qn=PTNT). (3)

With this notation, we consider the following discontinuous Galerkin
method: find (up,pp) in Vi, X Qp, such that

ap(up,v) + bp(v,pn) = JqJ-vdx, (4a)
br(un,q) — cn(pn,q) = 0 (4b)

for all (v,q) € Vj x Qp, where the discrete forms ay, by and ¢ are
defined, respectively, by

ap(u,v) = /Q iV, xu-Vy x vdx — /f [u]r - 'V x v}ds
—/ Vz - {1 Vi x u} ds+/ a[ulr - [V]r ds,
Fh Fh
br(v,p) = —/Q EV - Vhpdx—i—/fh {ev} - [p]w ds,

o) = [ clply-alv ds.

houston-perugia-schotzau_20-01-04.tex; 28/01/2004; 10:31; p.8



Mixed DG approximation of the Maxwell operator 7

Here, V;, x and V;, denote the elementwise curl and gradient operators,
respectively. Further, we have set [r ¢(s)ds = X scr, [; ¢(s) ds.
The form aj, corresponds to the interior penalty discretization of the
curl-curl operator [8, 16, 7]; notice that, unlike in [7], no normal-jump
stabilization has been introduced into this form. This is the reason why
we refer to (4) as a non-stabilized formulation. The form by, discretizes
the divergence operator in a DG fashion, and the form ¢y, is the interior
penalty form that weakly enforces the continuity of pj. The parameters
a and c are the usual interior penalty parameters that will be chosen
later on, depending on the mesh size and the coefficients p and €.

REMARK 1. For inhomogeneous boundary conditions nxu =g on I,
where the datum g is a prescribed tangential trace belonging to L*(T)3,
the right-hand side in (4a) has to be replaced by the functional fj, given

by

fh(v):/j-vdx—/ g-/flvhxvds+/ ag-(nxv)ds.
Q FB FB

Here, the integral over .7-“}? is understood as the sum of the integrals
over all the boundary faces.

3. Main results

In this section, we consider the well-posedness and a priori error anal-
ysis of the mixed DG method (4).

3.1. INTERIOR PENALTY PARAMETERS, DG-SPACES AND NORMS

In order to define the interior penalty parameters a and c arising in
the mixed DG method (4), we first need to introduce some notation.
To this end, we write hx to denote the diameter of element K € 7p;
the mesh size is then given by h = maxge7;, hx. On the faces in F,
we define the function h by

h(x) = min{hg, hg} if x is in the interior of 0K NIK’,
X)= hi if x is in the interior of 0K NT.

Similarly, we define the functions m and e by m(x) = min{ux, ux’}
and e(x) = max{eg,ek}, if x is in the interior of 0K N OK’, and
m(x) = px and e(x) = e, if x is in the interior of K N T, with
ur and e denoting the restrictions of p and e, respectively, to the
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8 P. Houston, I. Perugia, and D. Schétzau

element K (recall that p and € are constant within each element). We
then choose the interior penalty functions a and c as follows:

a=am h! c=rveh !, (5)

where o and y are positive parameters independent of the mesh size
and the coefficients p and ¢.
We define the spaces

V(h) =V +Vy, Q(h) = Q + Qp,

endowed with the following seminorm and norms, respectively:

_1 11
Vym = 07 3Ve x v[§q + 2072 [V]7 |3 £,
1
HVH%/(h) = HEQVH(Q),Q + ’V‘%/(h)v
1 11
lallpmy = le2Vaald o + llezn™ 2 [gln5 7, -

Here, we use the notation

lellsz = > el
fEFR

Finally, for (v,q) in V(h) x Q(h), we introduce the DG-norm

I(v,d)llpc = [vlivn) + llallgwm)-

3.2. WELL-POSEDNESS OF THE DISCRETE PROBLEM

The following ellipticity property of the form aj is essential for the
proof of the well-posedness of the DG-discrete problem.

PROPOSITION 1. There is a parameter ag > 0 independent of the
mesh size and the coefficients u and € such that for parameters o in (5)
with a > ag we have that

an(v,v) > C V|3

for all v € Vy,, where C' is a positive constant, independent of the mesh
size and the coefficients p and €.

Proof. This result can be proved as in [2, 8, 16], taking into account
the definition of m. We note that the minimal value of «, which guar-
antees the ellipticity property only depends on the shape regularity of
the mesh 7; and on the polynomial approximation degree . O

Let us now show the existence and uniqueness of solutions to for-
mulation (4), provided that « is chosen sufficiently large.
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Mixed DG approximation of the Maxwell operator 9

PROPOSITION 2. For parameters « and v in (5) with a« > ag and
v > 0, the mized DG method (4) possesses a unique solution.

Proof. Due to the linearity and finite-dimensionality of the problem,
it is enough to show that j = 0 implies u;, = 0 and p;, = 0. To this
end, we select v = uy, in (4a) and ¢ = pp in (4b), and subtract (4b)
from (4a). From Proposition 1, it follows that Vj x u;, = 0 on each
element in 75, and that [up]r = 0 and [p,]n = 0 on each face in F,.
Therefore, p, € QN HE(Q) and wy, is a curl-free function belonging to
the Nédélec finite element space of the second type, with zero tangential
trace on I'. This implies that u; = Vi, for some 1, € Q, N HL(Q)
(see [14, Theorem 7] and [11, p. 209]). Then, equation (4b) implies that
uy, is actually zero. Equation (4a) then becomes [ ev - Vpy dx = 0, for
any v € Vy; thereby Vp, = 0. Employing this result, together with
pr, = 0 on I', we deduce that p, = 0. O

From now on, we assume that a > «y.

3.3. A PRIORI ERROR BOUND

To state our a priori error bounds, we introduce the broken Sobolev
space H*(T,) = {v € L*(Q) : v|x € H*(K), K € T3}, and endow it
with the norm ||U||§,Th = > KeT, ||v||§K The main result of this paper

is stated in the following theorem.!

THEOREM 1. Given that the analytical solution (u,p) of (1) possesses
the following Sobolev reqularity:

euc HY(T,)°, p 'V xue H (T and pe HYY(T,), (6)

for an exponent s > 1/2. Then, the mized DG approximation (up,pp)
defined by (4), with a > g and v > 0, satisfies the following a priori
error bound

l(u—un,p —pu)lpa
< C pmintst [Hﬂl”s,’fh + |7V x ulls g, + ||p||s+1,7h} 7

where C' is a positive constant, depending on the bounds (2) on the co-
efficients u and €, the shape-regularity of the mesh, the interior penalty
parameters « and vy, and the polynomial degree ¢, but independent of
the mesh size h.

1 We would like to express our gratitude to one of the referees of this article who
pointed out that this result holds assuming only regularity of the analytical solution
elementwise, rather than over the entire computational domain.
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10 P. Houston, I. Perugia, and D. Schétzau

REMARK 2. We note that the above theorem also holds when Vy,
is replaced by the discontinuous version of Nédélec’s first family of
finite elements, see [12, 13], and Qj, = P*(T3,). While this space is less
convenient in a discontinuous Galerkin setting as the elemental spaces
are not full polynomial spaces, an analogous (discontinuous) pairing
can also be constructed on hexahedral meshes. On the other hand, as
for their conforming counterparts, the finite element spaces (3) do not
have a natural extension to hexahedra.

The next three sections are devoted to the proof of Theorem 1. We
begin in Section 4 by establishing a crucial decomposition result for
the discontinuous spaces. In Section 5, we introduce an auxiliary mixed
formulation and discuss its stability properties. Finally, in Section 6,
the detailed proof of the error bound in Theorem 1 is given.

4. Decomposition of the discontinuous spaces

In this section, we present an orthogonal decomposition of the spaces
V;, and @)}, and state crucial norm-equivalence properties. These results
allow us to employ the stability properties of the underlying conforming
spaces.

To this end, we decompose V}, and )}, into

Vy=Via Vi, Qn=Q;a®Qr, (7)

respectively. Here, V§ =V, N Hy(curl; Q) is the Nédélec finite element
space of second type, with zero tangential trace prescribed on I', and
Vi is its V(h)-orthogonal complement in V. Similarly, Qf = Qp N
H{(9) is the space of continuous polynomials of degree £+ 1, with zero
trace prescribed on T', and Qj is its Q(h)-orthogonal complement in
Q1. We observe that the expressions

_1_1 11
Vlve = llm™ 202 [vzllo7,  llallgr = lle2h™2[plxllo.7,

define norms on Vﬁ and Qﬁ, respectively.
The following norm-equivalence result will form the basis of our
analysis.

THEOREM 2. There exist constants C7 and Cs, independent of the
mesh size h, such that

Cillvilve < [vilve < [vIv, (8)
Collaliom) < llallgr < llallwm): 9)

for any v € V,f and any q € Qﬁ, respectively.
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Mixed DG approximation of the Maxwell operator 11

The equivalence property (9) was proved in [7]. Its proof relies on
the same approximation result that was used in [10, Theorem 2.2 and
Theorem 2.3] to derive a-posteriori error bounds for DG discretizations
of diffusion problems. The proof of (8) can be developed along the same
lines and will be carried out in the Appendix.

5. Stability properties of an auxiliary formulation
For the purposes of the analysis, it is convenient to rewrite the dis-
continuous Galerkin method (4) in a non-consistent form, based on the
introduction of lifting functions (see [2]). The stability properties of the

forms arising in this auxiliary formulation will then be discussed.

5.1. AUXILIARY MIXED FORMULATION

To rewrite the formulation (4) in a non-consistent form, for v € V(h),
we define the lifted element £(v) € V}, by

/ L(v) - wdx = / Vr-{whds VYwe Vi
Q Fn
For ¢ in Q(h), we define M(q) € V}, by
/M(q)-wdx:/ {w} - lglvds  Vw e V.
Q Fi
Additionally, we introduce the perturbed forms
ap(u,v) = / p IV, xu-Vy x vdx —/ L) - (u 'V, x v)dx
Q Q
—/ L(V)- (u V), x u)dx +/ afu]r - [v]rds,
Q Fh
by (v,p) = —/QEV - [Vip — M(p)] dx.
Note that a;, = ap, in V, x V, and by, = Bh in Vi, X @y, although this
is no longer true in V(h) x V(h) and in V(h) x Q(h), respectively.

With this notation, we now consider the following auxiliary mixed
formulation: find (up,pp) in Vp x @y, such that

an(up, v) +bp(v,pn) = Jo - vdx, (10a)
by(an, q) — cu(pr,q) = 0 (10b)

for all (v,q) € Vi, x Qp.
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12 P. Houston, I. Perugia, and D. Schétzau
5.2. CONTINUITY AND STABILITY PROPERTIES

We begin by recalling the following continuity properties from [7, Sec-
tion 5.1].

PROPOSITION 3. The following results hold.

(i) The forms ay, : V(h) x V(h) — R and by, : V(h) x Q(h) — R
are continuous with continuity constants independent of the mesh
size and the coefficients p and €.

(ii) The linear functional on the right-hand side of (10a) satisfies

_1
[ 3evax] < loalvive.
for any v € V.

Next, let us state some stability properties of the forms a; and by, on
the conforming spaces V§ and @Qf, in the decompositions defined in (7).
To this end, we need to define the discrete kernel

Zp={veVy:by(v,q) =0Vq € Qp}. (11)
LEMMA 1. The following properties hold:

(i) There exists a positive constant C, independent of the mesh size,
such that ap(v,v) > CHVH%,(h), for any v € V§ N7y,

(ii) The inf-sup condition

n gh(v7 Q)
0€Qs\0} veve [IVllvm lallm)

>C >0 (12)

holds, with a constant C' independent of the mesh size and the
coefficients p and €.

Proof. (i) The ellipticity property follows from Proposition 1 and
the discrete Poincaré-Friedrichs inequality ||v]joo < C' ||V x vlo.q for
all v.€ V§ NZy, with a positive constant C' independent of the mesh
size and the coefficients p and €. This inequality can be proved using
an analogous argument to the one presented in [6, Theorem 4.7], where
the case of Nédéléc elements of the first type is considered; see also
Monk [11, Corollary 4.8].

(i) To prove the inf-sup condition in (12), we fix ¢ € Qf. Then, we
choose v = —Vq and observe that v € V§. Thus,

bu(via) = [ <lVa dx = lalfyq,
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Mixed DG approximation of the Maxwell operator 13

On the other hand, since V x v =0 and [v], = 0,

1
VI3 = 12 Vallg .o = llal5m)-

Thereby, (12) holds with the inf-sup constant C' = 1. O

REMARK 3. Since V§ C Vy, the inf-sup condition (12) remains valid
when V7§, is replaced by Vy,, with the same inf-sup constant.

6. Error estimates

In this section, we prove the error bound stated in Theorem 1. Our
analysis closely follows the outline of the classical error analysis for
conforming mixed methods (see, e.g., [3]), combined with ideas similar
to those in [4] that allow us to use the stability properties of the forms in
the conforming spaces V§, and Q% underlying Vj, and @), respectively.
To this end, we use the decomposition results of Theorem 2 throughout
the proof.

6.1. RESIDUALS

Recalling that (u, p) denotes the analytical solution of (1), we introduce
the residuals

Ri(u,p;v) = Jo j-vdx —an(u,v) — bu(v,p), (13)
Ra(u,piq) = Ra(u;q) = bu(u,q), (14)
for any (v,q) € Vi X Qp.

Writing Ily, to denote the L? projection onto V3, we have the
following bounds on the residuals.

PROPOSITION 4. Assuming that the regularity assumptions stated
in (6) hold; then, for any § > 0 there is a positive constant Cs, inde-
pendent of the mesh size, such that

Ri(u,p;v)| < 6 VIS

+Cs 3 bV x u =Ty, (p7'V x w2 ok,
KeT,

[Ra(wsq)] < 67 g gy +Cs Y hxcllen =y, (cw)|[§ ok
KeT,

for any v € Vy, and q € Qy,.
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14 P. Houston, I. Perugia, and D. Schétzau

Proof. Assuming that the smoothness assumptions (6) hold, for v =
ve@ vt eV, and ¢ = ¢¢ ® gt € Qp, we have that

|Ri(u,p;v)| = 'V xu-Ty, (1 'V xu)} - [vi]rds

)

‘]—'h

|Ro(u;q)| = {eu -1IIy, (eu)} - la*]n ds

)

’]—'h

see [7, Proposition 6.2] for details. Employing the Cauchy-Schwarz in-
equality, the bounds in (2), the shape-regularity of the mesh, and the
norm-equivalence (8) in Theorem 2, we get

’RI (uvp; V)‘

[N

<O 3 hxp 'V x u—Thy, (07'V x )2 0
KeT,

1 _1
X [m~2h 72 [v 0,7,

[N

=C ( Y. hicllpT'V xu =Ty, (™'Y x u)ll%,aK) IV llveny-
KeTy

The arithmetic-geometric mean inequality completes the proof for R;
the bound for R4 is obtained analogously. a

6.2. A BOUND FOR |luy|lv) AND ||pirllom)
We prove the following bound.

PROPOSITION 5. Assume that the reqularity assumptions stated in
(6) hold. We let (up,pp) be the solution of (4), with a > g and v > 0,
and consider the decompositions uj, = uj + uﬁ and py, = pj + pﬁ,
according to (7). Then for any 6 > 0, there exists a positive constant Cl,
independent of the mesh size, such that

[ 13 + o0 gy < 07— unlR
+Cs [la = vIRrny + I — all + E@?],

for any v € V§ and any q € Q5. Here,

E)? = 3 b [[p7'V x u =Ty, (1 < W) o
KeT,

+leu — T, ()3 oxc | - (15)
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Mixed DG approximation of the Maxwell operator 15

Proof. We proceed in the following two steps.

Step 1. Let w € Vi NZj, and ¢ € QF, where Zj, is the kernel defined
n (11). Using the norm-equivalence (8) of Theorem 2, the continuity
of the tangential component of uj and w at inter-element boundaries,
and the ellipticity of the form @y, in the seminorm | - |y () for discrete
functions (see Proposition 1), we deduce that

1 1 -
Cullug IR < gl < fun = wig) < Can(u, —w,u, — w).
Thereby, using the norm equivalence (9), we get
L 1 ~ L1
I Ry + Pk By < € [@n(wn = w,w, = w) + e (o, i) |
= C [ap(up, —u,up —w) + ap(u—w,u, —w)
+en(pi, i) | - (16)

Let us first deal with the term a(u, — u,up, — w). To this end, from
equation (10a) and the definition of the residual R; in (13), we have

an(uy —w,uy —w) = Ry(w,p;uy, —w) + bp(up — w,p— pp)
= Ri(w,p;up —w) + bp(up, — w,p — pj)
—bp,(up, — w, pjr). (17)

Since up,—w € Zjy, we have that gh(uh—w,p—pz) = gh(uh—w,p—q), for
any ¢ € Qf. Employing equation (10b), the definition of the residual R
in (14), and the fact that the jumps in p§, vanish, we obtain

—bn(un — w,py) = —bp(un, piy) — bp(a— w, i) + ba(u, pyy)
= —cn(pp,piy) — ba(u —w, i) + Ra(w;py,).
Combining these identities with (16) gives

3 Ry + 97 Iy < € [lan(a = w, = w)| 4 B (= w, pip)|
(b (w, = w,p = q)] + [Ra(w, piwy, — w)| + [Ra(w; pih )]

We can choose the parameter § in the residual estimates derived in
Proposition 4 in such a way that

w37y + PR 1By < C [Wh(u —w,u, — w)| + [bp(u — w, py)|
~ 1
+|bn(up — w,p—q)| + 5(11)2] T3 [Huﬂ%(h) + Hpﬂgg(h)] -
Therefore,
It R cuy + o B < € [lan(a—w,up = w)| + [ba(u = w, pi)|

b (uy, —w,p—q)| + E(u)ﬂ .
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16 P. Houston, I. Perugia, and D. Schétzau

Employing the continuity of the forms aj; and by, stated in Proposition 3,
the triangle inequality [|u, —w|lv ) < [[u—upllve) + [a—wllv ), and
the arithmetic-geometric mean inequality, we deduce that, for § > 0,

”uﬂ%/(h) + Hp#l!é(m
< C [llu = wllvg llun = Wl + [ = Wl i o)
Hlun = Wil lp — allge + £w)?]
<C Mu = wllvpllu—upllvp) +[u- WH%’(h)
Hlu—wlv ey lom + Iu = asllvallp — dlom
= wllvllp — alloum + £(w)?]

1 2 2 2
< g5l = unllyp) + Csllu = wlivp) + Csllp — allgm)

1
+§”pﬁ”é(h) +CE(n).

Subtracting %Hp,ﬂ%(h) from both sides and multiplying by a factor 2,
we conclude that

”uﬁ”%/(h) + Hpﬂé(h)
<0 Hu— w3 + Cs [Hu — w3 + P —aldm + 5(“)2} ,(18)

for any w € V§ NZj, and any g € Q5.

Step 2. We now show that w € V§ N Zj; can be replaced by any
v € V§ in (18). To this end, we let v € V§ and choose r € V7§, such
that

gh(rv 5) = gh(u -V, 5) Vs € Q}C'H
r[v < Clla—v|vp-

The inf-sup condition for V§ x Qf in Lemma 1 guarantees that this
problem admits at least one solution r € V§. Then, we can set w =

r + v; note, by construction, that w € V§ N Zj, since gh(u, s) =0 for
any s € Qf. Inserting w in (18) gives

||ufﬂ|%/(h) + ||pﬁ\|zg(h)
< 67w — wnly gy + Cs [ = VIR + Il ny
+lp =l + E@?]

< 67w — wnlRyy + Cs [u = VIR + lp — allyny + E)?]
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Mixed DG approximation of the Maxwell operator 17

which completes the proof. O

6.3. ERROR IN u

We are now ready to prove the following bound for the error in the
approximation to the vector-valued variable u.

PROPOSITION 6. Suppose that the analytical solution (u,p) of (1)
satisfies (6). Then, the DG approzimation (up,pr) defined in (4), with
a > g and v > 0, satisfies the error bound

= wn 3y < € [lla = VIR + lIp = allyny + E@?],

foranyv € V§ and q € Qf,, where C' is a positive constant, independent
of the the mesh size h, and E(u) is the expression defined in (15).
Proof. We proceed in the following two steps.
Step 1: We decompose the discrete solution uj as uj, = uj + uﬁ,
according to (7); then, using the triangle inequality, we have

= unl gy < C [lln—uf 3 + g 3] - (19)

We start by estimating the first term on the right-hand side of (19).
Since by(up,s) = 0, for any s € Qf, we have that by(uj,s) =
—by(u, s), for any s € Q5. Let w € V¢ be such that

by(w,s) = —bp(uy, s) Vs € Qf. (20)

The inf-sup condition for V§ x @f in Lemma 1 guarantees that prob-
lem (20) admits at least one solution w € V§. It follows that uj, — w
belongs to V§ NZj,. Then, owing to the coercivity property in Lemma 1
and the identity uj, = u§ + uy, we have

a

IN

C luf, = wll3(s n(ay, —w,uj, —w)
= ap(uj, —w,u—w) + ay(uj, —w,u;, —u)

_ah(ufz - W, qu_)

Using equation (10a) and the definition of the residual Ry in (13), we
obtain

ap(uj —w,up, —u) = Rl(u,p;uﬁ—w)+gh(uﬁ—W,p—pﬁ)

_bh(uz - vaﬁ)v
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18 P. Houston, I. Perugia, and D. Schétzau
cf. (17). Since uf, — w is in Hy(curl; ), we have R (u,p; uj — w) = 0;

see the proof of Proposition 4. Recalling that uj —w € Vi NZ;, we
have

ah(uz — wW,up — u) :Bh(u% —W,p— q) _gh(u% - vaﬁ)v

for any ¢ € @Q)},. Consequently, using the results stated in Proposition 3,
we get

1L 1L
[uf, = wllv ) SC[HU —Wlva + P = dllom) + g llva) + oy ||Q(h)}a
for any ¢ € ). Employing the triangle inequality
[u—uillvp < llu—wlve + g = wllve,
together with the above inequality gives
1L €L
= By < Clllw =Wl gy + o = aliBny + i 13 + 19 g |

Then, inserting this result into (19), we obtain

||u_uhH%/'(h) < C[Hu - W”%/(h) +llp— qllé<h) + ||uﬁ\|%/(h) + ||Pﬁ||é(h)}7
(21)
for any w € V§ that satisfies (20), and any ¢ € Q.
Step 2: Now, let v € V)¢ be arbitrary and r € V§, be such that

gh(r, s) :gh(u—v—uﬁ,s) Vs € Qf,
el < € (Ihn =il + ot 1)) -

The inf-sup condition for V§ x Q% in Lemma 1 guarantees that this
problem admits at least one solution r € V§. Defining w = r + v,

we have that w € V{§; moreover w satisfies (20). Since by(w,s) =

bp(r+ v, s) = by(u— ui, s) = —Eh(uﬁ, s), because by,(u, s) = 0 for any
s € Qf. Therefore, w = r 4+ v can be inserted in (21) and we get

[u — w3y
< Ol =¥l + 30 + Ip = aliby + et 13 + ot B0
< C[Ilu - V”%’(h) +p— QHEQ(h) + ||uﬁ||%/(h) + ||pﬁ\|zg(h)] ;

for any ¢ € Q. Employing the result of Proposition 5, with § = 2C,
we obtain

1
||u_uhH%/(h) <C [Hu - V”%’(h) +llp — QHEQ(h) + 5(“)2}+§Hu—uh||%f(h)-
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Mixed DG approximation of the Maxwell operator 19

Subtracting |ju — uhH%,(h) from both sides of the above equation
completes the proof of Proposition 6. O

6.4. ERROR IN p

The proof of the error bound for the approximation to p is now a
straightforward extension of the analogous one for conforming mixed
methods.

PROPOSITION 7. Suppose that the analytical solution (u,p) of (1)
satisfies (6). Then, the DG approzimation (up,py) defined in (4), with
a > g and v > 0, satisfies the error bound

Ip = Prllny < € [u = VIR + Ip = allyn + E@?]

for anyv € V§ and q € QF, where C is a positive constant, independent
of the the mesh size h, and £(u) is the expression defined in (15).
Proof. Letting q € Qf, we note that

lp = prlljmy < C {HP — allym + la = pilldm) + ||pﬁ\|é(h)] . (22)

First, we estimate ||¢ —pf||g(n); from the inf-sup condition in Lemma 1,
we have

b(v,q — 15,
Cllg — phllony < sup bu(v. 4 — pf))
veve  [[Vlvn

. (v, q — p) + bu(v,p — 1) + b(v, pp)
vevs IvIlvn)

From (10a), we have gh(v,p—ph) = —Ri(u,p;v) — ap(u—uy, v), with
the residual R defined in (13); thereby, gh(v,p—ph) = —ap(u—up,v),
since Ri(u,p;v) = 0 for all v € V§. Exploiting the continuity of the
forms aj and gh, cf. Proposition 3, we obtain

la = pilBm < C [Ila = walidgy + b — alidm + ot | -

Substituting the above expression into inequality (22) and using Propo-
sition 5 yields

Ip=pnlld < C [lIn = w3 + la = VIR + o = alld + E@?] .

Employing Proposition 6 completes the proof. O
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20 P. Houston, I. Perugia, and D. Schétzau
6.5. PrROOF OF THEOREM 1

To complete the proof of Theorem 1, we first note that standard ap-
proximation properties for V§ and Qf show that

inf - inf —
. [ =vlvw + pA P = allvn

< Ot eulg, + 107V % ullz, + ol

see, e.g., [11, Theorems 8.15 and 5.41, and Remark 5.42] for details.
Here, we also used the bounds in (2) on the coefficients ¢ and p. Finally,
the approximation properties for the L2?-projection yield

E() < CA™ A lleully 7, + |07V < ullyz;] -

Substituting these inequalities into the error bounds derived in Propo-
sitions 6 and 7 completes the proof of Theorem 1.

7. Numerical results

In this section we present a series of numerical experiments to high-
light the practical performance of the mixed DG method introduced
in this article for the numerical approximation of the model prob-
lem (1). For simplicity, we restrict ourselves to two-dimensional model
problems with constant coefficients 1 = ¢ = 1. Additionally, we note
that throughout this section we select the constants appearing in the
stabilization parameters defined in (5) as follows:

a=10¢% and v =1.

We remark that the dependence of a on the polynomial degree £ has
been formally chosen in order to guarantee the ellipticity property of
the form ay, in Proposition 1 independently of ¢, cf. [8], for example.

7.1. EXAMPLE 1

In this first example we select  C R? to be the L-shaped domain with
vertices (1,0), (1,1), (—1,1), (—=1,—1), (0,—1) and (0, 0). Furthermore,
we choose j (and suitable non-homogeneous boundary conditions for u)
so that the analytical solution to the two-dimensional analogue of (1)
with y =¢e =1 is given by

ul —exp(x)(y cos(y) + sin(y))
(U2) = ( exp(x)y sin(y) ) ;
sin(m(x —1)/2) sin(m(y — 1)/2)
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cf. [7]. Here, we investigate the asymptotic convergence of the mixed
DG method (4) on a sequence of successively finer uniform and quasi-
uniform unstructured triangular meshes for £ = 1,2,3,4. In each case
the uniform meshes are constructed from a uniform square mesh by
connecting the north east vertex with the south west one within each
mesh square.

In Figures 1 and 2 we plot the norms || - ||y () and || - [|ge) of the
errors u— uy and p— py, respectively, with respect to the square root of
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the number of degrees of freedom in the finite element space Vj, x Q.
Here, we observe that [[u — uy|ly/(,) converges to zero, for each fixed
¢, at the optimal rate O(h?), as the mesh is refined, in accordance
with Theorem 1. On the other hand, for this mixed-order method,
lp—prllQ(n) converges at the rate O(h**1), for each £, as h tends to zero;
this rate is indeed optimal, though this is not reflected by Theorem 1.
Additionally, from Figures 1 and 2 we observe that the accuracy of the
proposed DG method is comparable on each of the two types of meshes
employed here.

Secondly, we highlight the optimality of the proposed mixed method
when the error in the computed vector field uj is measured in terms
of the L?(Q)-norm. We recall that the equal-order mixed DG method
introduced and analyzed in [7] is suboptimal in this case by a full
order of h; indeed, it was demonstrated numerically in [7] that when
conforming meshes are employed, the L?(2)-norm of the error behaves
like O(h?), for each ¢, as h tends to zero. On the other hand, Fig-
ure 3 demonstrates that the mixed-order method introduced in this
article yields an optimal convergence rate for the above quantity as
the mesh is refined. Analogous behavior is also observed when the
L?(2)-norm of the error in the approximation to the (elementwise)
divergence of u is computed. Indeed, from Figure 4, we observe that
1AV (u—up)lloo = Cker, h%(HV‘(u—uh)HaK)l/z converges to zero
at the optimal rate O(h‘*!) as h tends to zero, when both uniform and
quasi-uniform triangular meshes are employed. We should point out
that the DG method proposed in this article leads to an increase in
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the number of degrees of freedom employed for the numerical approx-
imation of the variable p in comparison to the equal-order stabilized
method introduced in [7]. However, this increase in complexity is rela-
tively small, since p is only a scalar variable; moreover, given that the
resulting mixed—order method yields optimal convergence rates for the
approximation to the vector variable u, when the error is measured in
the L?(Q)-norm, this increase seems more than justified.

Finally, we remark that analogous results also hold on quadrilateral
meshes when the discontinuous version of the first family of Nédélec’s
elements, cf. [12], are employed. For brevity, these numerics have been
omitted; we refer, instead, to the recent article [9], where computa-
tional comparisons between triangular and square meshes have been
performed.

7.2. EXAMPLE 2

In this second example, we investigate the performance of the mixed
DG method (4) for a problem in which the precise regularity of the
analytical solution u is known. To this end, we again let Q be the L-
shaped domain employed in Example 1 above; here, we set j = 0 and
select the boundary condition g so that the analytical solution u to the
two-dimensional analogue of (1) with 4 = ¢ = 1 is given, in terms of
the polar coordinates (r,v), by

u(z,y) = VS(r,¥), where S(r,9) =r?/3sin(2n9/3), (23)
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Table I. Example 2. Convergence of ||(eu, €p)|[pc on uniform triangular meshes
with n = 1.

Elements [[(eu,ep)[loec &k [(ew,ep)lloc &k |(ew,ep)lpc &k
24 2.677 - 3.704 - 4.348 -
96 2.439 0.13 2.907 0.35 3.254 0.42
384 1.799 0.44 2.002 0.54 2.196 0.57
1536 1.196 0.59 1.300 0.62 1.417 0.63
6144 0.765 0.65 0.826 0.65 0.8989 0.66

Table II. Example 2. Convergence of ||(eu, €p)|pe on uniform triangular meshes
with n = 2.

Elements [[(eu,ep)loac £k [(ew,ep)llpe £k l(ew,ep)lpc &k
24 5.751e-1 - 3.730e-1 - 2.841e-1 -
96 2.583e-1 1.15 1.534e-1 1.28 1.149e-1 1.31
384 1.062e-1 1.28 6.146e-2 1.32 4.583e-2 1.33
1536 4.257e-2 1.32 2.445e-2 1.33 1.821e-2 1.33
6144 1.694e-2 1.33 9.708e-3 1.33 7.228e-3 1.33

and n > 1 is a parameter; in this case p = 0. The analytical solution
given by (23) contains a singularity at the re-entrant corner located at
the origin of €; here, we have u € H2"/3_E(Q)2, e > 0.

In this example, we confine ourselves to uniform (structured) tri-
angular meshes; analogous results also hold on unstructured meshes
consisting of triangles, but for the sake of brevity, these results have
been omitted. Before we proceed, let us first introduce some notation:
we write e, to denote the error u — uy, in the vector variable and e,
to denote the error p — pj, in the scalar field. In Tables I, II and III
we present a comparison of the DG-norm of the error in the approx-
imation to both u and p for n = 1,2, 3, respectively, with the mesh
function h on a sequence of uniform triangular meshes for 1 < ¢ < 3.
In each case we show the number of elements in the computational
mesh, the corresponding DG-norm of the error and the computed rate
of convergence k. Here, we observe that (asymptotically) ||(eu,€p)|pa
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Table III. Example 2. Convergence of ||(eu, €p)||pc on uniform triangular meshes
with n = 3.

Elements [[(eu,ep)[loec &k [(ew,ep)lloc &k |(ew,ep)lpc &k
24 1.532 - 8.253e-2 - 2.296e-2 -
96 4.119e-1 1.90 1.360e-2 2.60 3.700e-3 2.63
384 1.012e-1 2.03 2.183e-3 2.64 5.862e-4 2.66
1536 2.486e-2 2.03 3.470e-4 2.65 9.246e-5 2.66
6144 6.262e-3 1.99 5.494e-5 2.66 1.457e-5 2.67

converges to zero at the optimal rate O(hmi“(%/ 3-e,0) ), for each fixed

n, as h tends to zero, as predicted by Theorem 1. One exception to this
is when n = 2 and £ = 1, cf. Table II, where the error actually tends to
zero at the superior rate of O(h*3) as h tends to zero.

8. Conclusions

In this paper we have studied a new mixed discontinuous Galerkin
finite element method for the discretization of the Maxwell operator on
simplicial meshes. In contrast to the stabilized method introduced and
analyzed in [7], the proposed scheme is based on employing mixed—
order finite element spaces for the approximation of the unknowns;
this choice of spaces eliminates the need to penalize the normal jumps
in the approximation to the vector unknown u. Our error analysis
and numerical results show that the proposed method is optimally
convergent in the energy norm for both smooth as well as singular
solutions. Moreover, in contrast to the equal-order method proposed
in [7], numerical experiments presented in this article have indicated
that this new mixed—order scheme is also optimally convergent when
the error is measured in terms of the L2(£2)-norm.

Appendix
To prove the norm-equivalence (8) in Theorem 2, we proceed in several
steps. The key ingredient is the approximation result in Step 5; for

scalar diffusion problems an analogous approximation result has been
shown in [10, Theorem 2.2].
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Step 1 (Preliminaries). We begin by introducing some definitions.
Recall that each element K € 7j is the image of the reference element
K under an affine mapping F; that is, K = Fi(K) for all K € Ty,
where Fi(X) = BgX + bg and By € R®*3, b € R3. Without loss of
generality, we assume that det Bg > 0. We define

D'(K)={q : qo Fx = Bk§, §€PH(K)? @ PTH(E) R},

1
det BK

where W‘l(ff\ ) denotes the space of homogeneous polynomials of total
degree exactly { —1 in X = (Z1, %2, %3) on K. A polynomial q € DY(K)
can be represented as q(x) = r(x) + 3(x) x, with r € P“~}(K)3 and
5ePY(K).

Next, we assign to each face f € Fj, a unit normal ny. Then there is
a unique element K € 75, such that f C 0K and f is the image of the
corresponding reference face f on K under the elemental mapping F,
and such that ny = B;(Tﬁf/ |B;(Tﬁf|, where n~ is the outward unit

!
normal to f; cf. [11, Equation (5.21)]. We set

Dé(f):{oﬂf : qo Fg = Bkq, qE]D)é(f(\), a-ﬁf:()}.

In local coordinates x on the face f, a function q|; € D(f) is given
by qlf(x) = r(x) + 3(x) x, where r € P"(f)? and 5 € P*~!(f). Notice
that q|s is tangential to f.

Finally, we assign to each edge e a unit vector t. in the direction of
e, and denote by P*(e) the polynomials of degree £ on the edge e.

Step 2 (Moments for Nédélec’s elements of the second type). We
introduce a basis of P*(K)? that is based on the moments that define
Nédélec’s second family of elements introduced in [14]. Following [11],
we use the following moments that are identical on K and K , up to
sign changes, under the transformation v o Fx = B;{T\Af (this can be
easily seen as in [11, Lemma 5.34 and Section 8§]).

For an edge e, let {g'}°, denote a basis of P(e). Similarly, let

{q?}ﬁifl be a basis of D~1(f) for a face f, and {qu}Zszl a basis of
Df2(K) for element K. Fix K € 7}, and let v € P/(K)3. We introduce
the following moments:

My (v) {/(V-te)qéds:izl,...,Ne}, for any edge e of K,

1 .
f = _— . v 7=
M (v) = {area(f)/fv qyds:i 1,...,Nf}, for any face f of K,

{/ V-q%dx:izl,...,Nb}.
K

Mi(v)
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It is well-known that the above moments uniquely define the polyno-
mial v € P/(K)?; see [14, 11]. For a face f of K, the tangential trace
n; X v is uniquely determined by the moments M }; and the moments
{MF }ece(s), where E(f) is the set of the edges of f; see [14, Section 3.1]

or [11, Lemma 8.11]. Hence, any v € IPZ(K)?’ can be written in the form

= > Z“Ke‘»"Ke+ > ZUKﬂPKfJFZUKb(PKb (24)

ecE(K)i= FfEF(K)i=1

Here, we use £(K) and F(K) to denote the sets of edges and faces of K,
respectively. The functions {cpi}(’e}, {QOZK 1}, and {<piK7b} are Lagrange
basis functions on P(K)? with respect to the moments given above.

Step 3 (Bound of the elemental H(curl)-norm). Let v € P*(K)? be
represented as in (24). We prove the following elemental bound on the
H (curl)-norm in terms of the moments in Step 2: there exists a positive
constant C, independent of the mesh size, such that

IVIIE & + 11V VH(2)K

Ny
<chg | S Z 2Ly Z P D (i)
=1

ecE(K feF(K)i=1

On the reference element, this follows from the representation (24) and
the Cauchy-Schwarz inequality. On a general element K, we note that
since the transformation v o Fx = B;(T\A/ preserves the moments in
Step 2, and that

VIS < ChxclVIE s, IV x VIIE k< CREHIV X VIIG .

with a constant independent of the mesh size (see, e.g., [1, Lemma 5.2]),
the bound in (25) is obtained.

Step 4 (Bound of the tangential jumps). Let f be an interior face
shared by two elements K7 and Ks. Denote by £(f) the edges of f. Let
vy € PY(K )3 and vo € PY(K3)?. We prove that, using the representa-
tion in (24), there exist positive constants C; and Cs, independent of
the mesh size, such that

Ny
Cl/h“f>< (vi—va)|%ds < Z(“Klf Vico, )Y Z Vit e~ Vipe)
f ce€(f) i=1
< 02/ g x (vi — vo)| ds. (26)
!

To see this, we first consider the case where K7 and K> are of reference
size. Since the moments on f and on the edges e € E(f) uniquely de-
termine the jump ny x (vi —vy), the claim follows from the equivalence
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of norms in finite dimensional spaces. For general elements K7 and K>,
the claim is obtained from a scaling argument taking into account that
the transformation v o Fg = B;(T\A/ preserves tangential components
and the moments in Step 2, modulo sign changes.

The analogous bound holds on the boundary. Let K be the element
containing the boundary face f and v € PY(K)3. Using the representa-
tion in (24), there exist positive constants C; and Cs, independent of
the mesh size, such that

Ny Ne
Cl/f Ing x v|*ds < Z(U%J)z + Z Z(Uéﬂeﬁ < Cg/f Ing x v|?ds.

i=1 ce(f) i=1

Step 5 (Approzimation property). For v € V},, we have

. 1 _ _1 _ 1 —
nf [l =P+ 1872V x (v = 9)[3.0] < Cllm™' v |[VIrll3,
vevy

(27)
with a positive constant C, independent of the mesh size.

To prove (27), let {v} .}, {U%,f} and {v},} denote the moments
of v, according to (24). Denote by N(e) the set of all elements that
share the edge e, and by N(f) the set of all elements that share the
face f. The cardinality of these sets are denoted by |N(e)| and |N(f)|,
respectively. Due to the shape-regularity of the meshes 73, we have
that 1 < |N(e)| < N, uniformly in the mesh size. Furthermore, 1 <
IN(f)| < 2. Let ¥ € V§ be the unique function whose edge moments

are : ' ]
i IN(e)] YoKIEN(e) Vi e ifee&;,
VK e = ' i
0 ifec &,
i=1,..., N., whose face moments are
1 ; ) I
i WO ZKen() Vi i f € TR
VK, f = . ;
0 if feFy,
t=1,..., Ny, and whose remaining moments are
6%(75,:?)%7%)7 1= 1,...,Nb.

Obviously, the function v defined by the above moments belongs to
Hy(curl; ©2).

From the bound in (25) in Step 3 and the assumption (2) on the
coefficients, we have

1 _1
lefe(v =)l + gV > (v = 9)1F &
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< Cug'hi' | D Z'UKe T+ D ZUKf—'UKf
ecE(K feF(K)i=1
Let e first be an interior edge in £(K) and denote by F(e) the faces
sharing the edge e. For f € F(e), we denote by K and K} the elements
that share f. Employing the definition of @} ., the Cauchy-Schwarz in-
equality, bound (26) from Step 4, and the shépe—regularity assumption
gives

Ne . .
Z(U}(,e_ﬁlf(,e)2 < C Z Z UKe UK’ 2
i—1 K’GN(e)z 1
<C Z Z’UKfe "UK e)2
feF(e) i=1
<c Y / I[v]z |2 ds.
feF(e)

An analogous result holds for a boundary edge e.
Similarly, for an interior face f € F(K), we have

Ny Ny

Z(va—va) <C Z Zva—vK, <C/| Ir)? ds,

i=1 K'eN(f) i=1

where we have again used the bound (26) from Step 4. An analogous
results holds for boundary faces.
Combining the above estimates yields

1 _1
ez (v = ¥)I6. + gV > (v = )13 &

22 /\ [rfds+ 32 /HM]TPds]

ecE(K) feF(e feF(K)

< Cuy hK

Summing over all elements, taking into account the shape-regularity of
the mesh and the definition of m, proves (27).

Step 6 (Conclusion). We are now ready to prove (8). First, we note
that the inequality on the right-hand side of (8) is trivial. To prove
the left-hand side bound, we let Pj, : Vj, — Vi denote the V(h)-
orthogonal projection. For v € V;,, we have

IPrvllv = vier{f.z v =¥lv) < ClIPav]ly:.

Here, we have used properties of orthogonal projections, the approxi-
mation result (27) from Step 5, the fact that [v]r = [Pnv]r, and the
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30 P. Houston, I. Perugia, and D. Schétzau

definition of the norm || - Hvﬁ- Since Py, is surjective, this completes
the proof of (8) in Theorem 2.
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