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Abstract

Unlike the non-singular case s = 0, or the case when 0 belongs to the interior of a domain
Qin R"(n > 3), we show that the value and the attainability of the best Hardy-Sobolev
constant on a smooth domain €2,

2°(s)
fs(€2) := inf {/ |Vul?dz; u € Hy(Q) and [ = 1}
Q Q ‘SL’|S

when 0 < s < 2, 2*(s) = %, and when 0 is on the boundary 0f) are closely related to
the properties of the curvature of 92 at 0. These conditions on the curvature are also
relevant to the study of elliptic partial differential equations with singular potentials of

the form:
p—1

—Au = + f(z,u) in Q C R",

|z[*
where f is a lower order perturbative term at infinity and f(xz,0) = 0. We show that
the positivity of the sectional curvature at 0 is relevant when dealing with Dirichlet
boundary conditions, while the Neumann problems seem to require the positivity of the
mean curvature at 0.

*Both authors were partially supported by a grant from the Natural Science and Engineering Re-
search Council of Canada.
fThe paper is part of this author’s PhD’s thesis under the supervision of N. Ghoussoub.



1 Introduction

We consider the value of the best Hardy-Sobolev constant on a domain €2 of R",

2*(s)
ps(Q) ;= inf {/Q |Vul*dz;u € Hy(Q) and / [ = } (1)

|z[*

and the corresponding ground state solutions for

u =10 on 0f)

when n > 3,0 < s < 2, and 2*(s) = 2(: *) . Unlike the non-singular case and assuming 0
is on the boundary of the domain €2, we show that these problems are closely connected
to the curvature of the boundary 02 at 0. This is in sharp contrast with the non-singular
context s = 0, or when 0 belongs to the interior of a domain 2 in IR", where it is well
known that ps(2) = po(R") for any domain €2 and that u4(£2) is never attained unless
cap(R™ \ ©2) = 0.

The case when 02 has a cusp at 0 has already been shown by Egnell [10] to be quite
different from the non-singular setting. Indeed, by considering open cones of the form
C={re Rxz=r0,0 € Dandr > 0} where D is a connected domain of the unit
sphere S"~! of IR", Egnell showed that u,(C) is actually attained for 0 < s < 2 even
when C # IR".

The case where 02 is smooth at 0 turned out to be also interesting as the curvature at 0
gets to play an important role. Indeed, we shall show that the positivity of the sectional
curvature at 0 is needed for problems with Dirichlet boundary conditions, while the
Neumann problems require the positivity of the mean curvature at 0.

More precisely, assume that the principal curvatures oy, ..., a,_1 of 92 at 0 are finite.
The boundary 02 near the origin can then be represented (up to rotating the coordinates
if necessary) by:

1 n—1
r = ha') = 5 3 oua? + of|),
i=1

where ' = (z1,...,2,-1) € B(0,9) N {x, = 0} for some § > 0 where B(0,¢) is the ball
in IR™ centered at 0 with radius 9.

If we assume the principal curvatures at 0 to be negative, that is max;<;<,—1a; < 0,
then the sectional curvature at 0 is positive and therefore 02 —viewed as an (n — 1)-
Riemannian submanifold of IR"— is strictly convex at 0 ([12]). The latter property means
that there exists a neighborhood U of 0 in 0f2, such that the whole of U lies on one side
of a hyperplane H that is tangent to Q2 at 0 and U N H = {0}. In our context, we
specify the orientation of 92 in such a way that the normal vectors of 02 are pointing
inward towards the domain 2. The above curvature condition then amounts to a notion
of strict local convexity of R™\ €2 at 0. Indeed, setting

Pos=f{o= (" 2,) € B % R : 2, > (2% + ..+ 22_,)} N B(0,9),
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then, with the above orientation of 02, the condition that the principal curvatures are
negative, yields the existence of 6 > 0 and v < 0 such that P, s C €2, up to a rotation.
If the principal curvatures of 00 are only non-positive on a neighborhood of 0, then we
simply have that Fys C 2 for some 6 > 0. The following result will be established in
sections 2 and 3.

Theorem 1.1 Let Q be a C?-smooth domain in IR™ with 0 € 9L, then p15(Q) < ps(R?).
Moreover,

1) IfT(Q2) C IR for some rotation T (in particular, if Q is convex, or if Q) is star-shaped
around 0), then ps(2) = ps(RY) and it is not attained unless § is a half-space.

2) On the other hand, when n > 4, and if the principal curvatures of 02 at 0 are
negative (i.e., if maxi<i<p—1 0y < 0), then u(Q) < p(RY), the best constant
1s(Q2) is attained in H}(QY) and (2) has a positive solution on Q.

The “global convexity” assumption on €2 in 1) can be contrasted with the hypothesis on
the principal curvature in 2) which, as discussed above, can be seen as a condition of
local strict concavity of the boundary at 0 when viewed from the interior of 2. However,
we shall see that the latter is not a necessary condition for the existence of solution for
equation (2), since we will exhibit domains € where 14(2) < ps(IR" ), even though 0
is “flat at zero”.

Such an analysis is relevant to the study of elliptic partial differential equations with
singular potentials of the form

uP~!

—Au=——+ f(z,u) in Q C R",

|z]*

under both Dirichlet and Neumann boundary conditions. Here f is to be seen as a lower
order perturbative term at infinity and f(x,0) = 0. We shall see that in both Neumann
and Dirichlet problems, our existence results depend on conditions on the curvature of
the boundary near 0. The following two statements summarize the situation. Slightly
more general results will be established later.

In the following Dirichlet problem, the same concavity condition around the origin will
play a key role.

Theorem 1.2 Let Q be a bounded domain in IR™ with C* boundary and consider the
Dirichlet problem
|z|®
u =0 on 0f2.
for 0 < s < 2. Assume that 0 € 0 and that the principal curvatures of 0S) are non-

positive in a neighborhood of 0. If n >4 and if 0 < A < Ay (the first eigenvalue of —A
on H}(Q)), then (3) has a positive solution.

{ LAy = Oy, )

For the Neumann problem, it is the positivity of the mean curvature at 0 that is needed.



Theorem 1.3 Let Q be a bounded domain in R™ with C? boundary and consider the
Neuman problem

|z[*

—Au :mjt)\u in Q. ()
Dy =0 on 0f).
for 0 < s < 2. Assume that 0 € 02 and that the mean curvature of 02 at 0 is positive

(i.e., X0 oy >0). If n >3 and \ < 0, then (4) has one positive solution.

Remark 1.4 As expected, the variational methods used in this paper lead to weak
solutions. However, since the nonlinearities g(z, u) we consider, satisfy |g(z,u)| < C(1+
|u|?"®)=1) on any bounded domain €2’ such that 0 ¢ {/, regularity theory and the strong
maximum principle can be applied in €' (cf. [20, Appendix B]). Therefore, a non-
negative solution u € HJ () to (3) is necessarily C* on Q. It satisfies u(z) > 0 for
every x € (), but may have a singularity at 0. The same remark applies to equations
with subcritical perturbation terms as well as to the corresponding Neumann problem.

2 Best Hardy-Sobolev Constants

The best Hardy-Sobolev constant of a domain  C R™ (n > 3) is defined as:

2%(s)
s(Q) := inf {/Q |Vul*dz;u € Hy(Q2) and /Q|u‘|7|s = 1} (5)

where 0 < s < 2, 2%(s) = %

In the non-singular case s = 0, this is nothing but the best Sobolev constant of {2
and it is well known that 1o(2) = po(R™) for any domain €2 and that po(£2) is never
attained unless cap(R™ \ Q) = 0.

Similar results hold in the singular case (0 < s < 2) provided 0 belongs to the interior
of the domain Q. Indeed, as noticed by several authors [14], the best constant in the
Hardy-Littlewood-Sobolev inequality is not attained on those domain €2 containing 0

and satisfying cap(IR™ \ Q) # 0, while it is attained on IR"™ by functions of the form

(a-(n—s)(n— 22)2?2—:25)

(@4 [a]?==)>=

Ya(T) = (6)

for some a > 0. Moreover, the functions y, are the only positive radial solution to

u2*(s)—1
—Au = — in R", (7)
|z
hence, by denoting us := ps(IR™), we have:
[ya” )| 2 oY 5=
ol T = IVl = [ e = (®)



In this section, we deal with the more interesting case when 0 belongs to the boundary
of the domain €). We shall see that the situation is completely different as it very much
depends on the smoothness and the curvature of the boundary at 0

The case when 0 is not smooth at 0 has been well analysed by Egnell [10]. Starting
with the case where (2 is a half-space IR’} or more generally an open cone of the form
C={x e Rz =r0,0 € Dandr > 0} where D is a connected domain on the unit
sphere S"~! of R"™, Egnell [10] showed that y4(C) is actually attained for 0 < s < 2 even
when C # IR", and therefore there exists a positive solution for

u2*(s)71

—Au = FE in C,
u =0 on OC, 9)
uw(z) =o(|lz|*™) as |z| — oo in C.

A consequence of Egnell’s result is that 15(C) # ps(IR™) whenever IR™\C is non-negligeable.
For otherwise, we can find a u € H3(C), v > 0 in C, which attains p,(R"). Such a so-

lution u satisfies —Au = A'“F‘;# in IR", where A > 0 is a Lagrange multiplier. By

the strong maximum principle © > 0 in IR", which is a contradition. One obtains in
particular that, p,(R") > us(/R"), and more generally that

11s(C1) > p1s(C2), (10)

whenever C; are cones such that C; C C,.
The main ingredient in this analysis comes from the fact that the quantities ||Vu|| 2(gn)

and [zn %dw are invariant under scaling u(z) — "= u(rz). This means that when-
ever 0 € 02, we have u(2) = us(AQ) for any A > 0. It is also clear that g is invariant
under rotations. These observations combined with the fact that pus(Qq) > pus(Qg) if
Qy C Q,, yield that the best constant for any finite cone (that is, the intersection of an
infinite cone with a bounded connected open set) is the same as the best constant for
the corresponding infinite cone.

In the sequel, we deal with the distinct and more interesting case where 0 is a smooth
point of the boundary of the domain () as stated in Theorem 1.1. In contrast to Egnell’s
result on pointed cones, we have in particular the following examples which give a totally
different picture when the “cones” are smooth at 0.

Proposition 2.1 Assume n > 4 and define, for each v € IR, the open paraboloid
P, ={z=(2,2,) € R"' x R: x, > |2’}
1) If v >0, then ps(P,) = ps(RL).
2) If v <0, then ps(Py) = ps(IR"™).

It follows that pus(Py) is not attained unless P, = R"™ or IR"}.



Proof: (1) If v > 0, then P, C IR} and obviously pus(?) > us(R"). We shall prove

below that the reverse inequality 1,(£2) < p (IR’ )holds whenever 052 is smooth at 0.
For (2), notice that for A > 0,AP, = Py. On the other hand, if v < 0, then

M = R"\{z = (0,z,); x, < 0} = Upcrc1AP,. Choose u. € C§°(M), such that

|u€\2*(s)

Ju “p—de =1, and [y, |Vue? < pus(M) + €. There exists & > 0, such that for all
A < 0,uc € C§°(Py), which implies that uy(Px) < ps(M) +e. It leads immediately
to infy pus(Py) < ps(M). Since infy ps(Py) = ps(P;) by scaling invariance, we have
ps(Py) = pus(M). That ps(R"™) = ps(M) follows from the fact that M = R"™ \ L where
L={x=(0,z,);x, <0} is a 1-dimensional subspace of IR™, whose capacity is zero as
soon as n >4 ([17], p. 397).

Behind these examples lies a more general phenomenon summarized in Theorem 1.1
whose proof will be given in various parts throughout this section. First, we prove that
1s(Q) < ps(IRY). Note that pus(IR}) = pus(Bs) for all 6 > 0, where

Bs={r=(2/,2,) € RY; |2'|*+ (v, —6)* < §*}.

Indeed, since By C IR'y, we have that p,(R"}) < ps(Bs) for all § > 0, hence p,(R?}) <
inf, 115(B5). On the other hand, choose u. € Cj°(R’}), such that fRi el © 7 — 1, and

|z[*
S |Vue|? < ps(R?) + €. There exists m. € N, such that for all m > m, u. € C5°(By,),
which implies that ps(B,,) < ps(IR7}) + €. This leads immediately to infs pi5(Bs) <
ps(IRY), hence to equality. Since ABs = B)s for all \,0 > 0, we get the conclusion
from scaling invariance. Now by the smoothness assumption on the domain €2, there
exists —modulo a rotation— a ball B, C 2 centered at (0,€). This means that 1,(2) <
ps(Be) = ps(RY). Assertion (1) of Theorem 1.1 is then obtained by monotonicity and

by the rotation invariance of y4(2).

Theorem 2.2 If the principal curvatures of OS2 at 0 are negative, and if n > 4, then
15 (€2) < s (RL).

As seen in the introduction, if the principal curvatures of 92 at 0 are negative, then
there is v < 0 and 6 > 0 such that the set

Ps={z=(2,2,) E R"'"x R:z, >~} +...+22_,)} N B(0,6),

is included in €2, up to a rotation. We also note that if the principal curvatures of 0f2
are non-positive on a neighborhood of 0, then F s C €.
By Egnell’s result [10], the problem

_ . |u\2*(s)f2u . "
{ Au = FE Ry (11)

u€ HY(RY),u>0
has a positive solution ¢, which, up to a multiplier, also attains the best constant
ws(R™). We may assume that ¢ € H}(R"), that [g. 9 2 1 and ||V||2 = ps(R).

|z|®
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We shall also extend ¢ to all of IR™ by letting it equal 0 on the complement of R’} . For
these extremal functions, there holds the following estimates (see ([10], or appendix in

[16]):

C
|o(x)] < 2 and  [Vo(z)| < —=, Vo #0. (12)

J[n=t \ b

To prove the theorem, it is sufficient to find a function v € H{(£2) such that
Jo|Vul*dz

=0, 2

(Joy \u‘lx‘s )FE

Following Jannelli and Solimini [16], we shall “bend”, cut-off and rescale ¢, to get it into
Q2 while still controlling its various norms. Indeed, denote 2’ = (xy,...,x,_1,0), while
= + x,6,.

For any o > 0, the change of variables 0,(x) = » — 1|2/|%¢, is measure-preserving, in
other words, if Jp, is the Jacobian matrix related to 6,, then |det(.Jy, )| = 1. Define the
bending ¢\”)(z) = ¢(0,(z)). By direct computations, we know that for sufficiently large
o> 0,

s ().

/‘2

(o) 2% (s) 2% (6)
fRn |7 ()] fRn | daj

|[* 165 1(90 E

|<z>2 ©) ()|
= Jr iz We Fde (13)
¢2 (s d v ¢2 (s)( :L‘ x”d
_fRn :z:—scrj}.,%1 e T+ o(c™t)

Irls

=1- Cl; + 0(0'_1),

where C7 > 0 is independent of the “curvature” 7 and the scaling factor . Here we
used a Taylor expansion and the fact that

O P _ T, T,
RT |z|s+2 Rrn{o<zn<1) 2] o1 |zt
by the estimate on ¢ given in (12).
Consider now the functional Iy(v) = 3 [, R Vo ‘”l‘:;s) dx. By a variant of
Pohozaev identity ([11], [16]), one has
(8 — ke Peco =5 [ VPl =
de 2 J{z,=0}

where Cy := 3 [¢, _oy [V¢[*[2’|* > 0, again which is independent of  and 0.
Therefore, for sufficiently large o > 0, we have

T(6) = Jus(RY) ~

Combining (14) with (13), we obtain

SR
35 T Oy e, (14)

(@) ()2 (s)
[ VOO = 216(6) + 2 [ E2ETD

= [pn [VO]* +2(C2 — 55012 + o(%)
= io(RL) +2(Co — 575G L + o 2).
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Note that for v = 0, we have ¢(®) = ¢, which means that there is no any error term in
the above estimates.

Define now a cut-off function 1,, such that ¢, = 1 for |z| < %50 and 1, = 0 for
|z| > 60, ¥, is radially symmetric, and |4/, (r)| < C1.

By direct computations, we know

fR" |v(¢(o)¢0)|2 = fR" |V¢ |2¢2 + 2f¢ wav¢ vwa + f |¢(0)|2|V¢a|2
= Jp |V |2+fRn|V¢("| (¥7 = 1) + [V |?
+2 [ ¢,V - Vi,

From (12), there holds

Tn—l

+0o0
(0))2
Vo2 < /5

/ V6@ [2(1 — ¢2)de < / dr = O(c?™),

|z|>360

[V e <o [ i = 0,

For [ ¢, V¢'?) - Vi), we have a similar estimate. Hence for n > 4,

/n IV (¢,) [ = ps(RL) +2(Cy —

/ch(“ o _/\¢

From the estimate (12), since s < 2, we know that

JRE D)

(
||
It follows that

1 Y —1
2*—(8)Cl>;+0(0 )

Similarly,

e / (7" ¢)( “).

2%(s)

> Tn_l o S—Nn— sS—n —
<C [ hmdr=C [ = 00" ) = ofo ™),
2 2

/ |¢>(“

¢0( ) = UL*(b(U) (WWU(U@-

and note that supp(¢,) C P, 5 C Q for every o > 0. Since ||[Vul||r2(gn) and [

|2 (s)

_ ot -1
=1 Clo‘ +O(0’ )

Set now

|u\2*(s)
|z[*

are invariant under the scaling u(z) — r“= u(rz), the following estimates then hold:

p— IR AN e
/Q\wc,\? = IB) +2(Cy = g5 G+ ol ) (15)
X v, 1
0 |$|S =1- Cl; + O(;) (16)



Now we claim that for ¢ large enough,

fQ |v¢0|2d$
o 2*(8) *2\
(fQ 19 ‘L‘s )2 (=)

< ps(RL).

From the estimates (15) and (16), the above is equivalent to:

Ch
2:(s)" 0

which, in view of the negativity of 7, reduces to verifying that

260 7y 4 ok
2%(s) o o

o) +2(C = 59T 4+ 0(2) < pu(R)(1 -

20,
2%(s)

It is therefore sufficient to show that p,(R7) > p,(IR™) > 1, which is done in the
following lemma.

2C, > (1 — ps(RY)).

Lemma 2.3 Forn > 4, we have ps(R"™) > 1.

Proof. By the Hardy, Sobolev and Holder inequalities, for any v € H'(IR™), u # 0, we

have
u2*(.s) wl® *(s)—s
Jn ! ‘Ix‘s = [ ;xI ulF 2
< (fRng_lz)%(fRn CEOEREE
= (Jr “' )5 (g [u]?) T
S[u( )]?s(fm \2 [o(R " ( n [Vul?)= %
= [p2(IR™)] 7 [po(R™)] "7 72 (fn [ Vul?) =
which implies
o | Vul?de i o n2=s)
Jan WUl0T_ s (o (R 75 - o ()5

2%(5) \ =52
(e ") 7

By minimizing over u, we get us(IR"™) > [uo

Since n > 4, the Hardy constant ps(R™) = (
2

ol R") = Hwn)Efn(n — 2)] > 1,

.s n(2—s)
(R")]ZE - [po (R™)]=2).
n=2)2 > 1 and the optimal Sobolev constant

Exterior Domains:

The “strict concavity of Q at 0” (implied by the strict negativity of the principal
curvatures of 02 at 0) is not necessary for the existence of the solution to (2), since
there are domains 2 that are flat at 0, yet satisfying 115(€2) < pus(JR7). These examples
are based on the following observations:

Proposition 2.4 If Q is an exterior domain with 0 € 092, then us(Q) = pus(R™).



Indeed, the hypothesis means that R™\Q) is connected and bounded. In this case, we
have R™\{0} = Uycr<1AQ. Because C5°(IR"\{0}) is dense in H'(R") for n > 2 (cf.
[8, Lemma 2.2]), we also have ps(R") = pus(R"\{0}). Combining these two facts with
scaling invariance, yields easily that ps(Q) = us(R").

The above remark allows the construction of various interesting examples. Indeed,
let 2y be any exterior domain with 0 € JQ and define Q, := QyN B(0,r), where B(0,r)
is the standard Euclidean ball with radius » > 0, centered at 0. Obviously 02, is smooth
at 0 and pg(2,) < ps(£2,,) if r1 > 7. We have the following

Proposition 2.5 There ezists ro > 0 such that v — ps(€2.) is left-continuous and
strictly decreasing on (ro,4+00). In particular, p(IR") < pus(Q2,) < ps(RY) for all
r € (19, +00).

Proof. Using similar arguments as above (scaling invariance and approximation of
smooth functions), combined with the smoothness assumption on 0, one can easily
observe that:

ps(Q0) = Inf p1(62,) and ps(IR) = sup (2.

r>0

Now we claim that for all » > 0, us(€2.) > ps(R™). Indeed otherwise, by Corollary
3.2, there is some r* > 0, such that ps(€2+) = us(R") is attained by some function
u € H}(Q,+) with u > 0. In other words, us(IR") is also attained by this function wu,
hence u satisfies the corresponding Euler-Lagrange equation in the whole space, while
by the Strong Maximum Principle, we know « > 0 in /R", which is a contradiction.
The argument for the left-continuity of us(€2.) goes like this: For a fixed r > 0
and arbitrarily small € > 0, one can always choose a function u € C§°(€2,), such that

2" ()

JoIVulPde < p1(Q2,) + €, and [, |“‘Td$ = 1. Since supp(u) is compact, the distance
dist(0B(0,r),supp(u)) =: § > 0. It follows that supp(u) C Q,., where r — 6 <1’ < r,
hence p15(€) < ps(Q)+e€, for r—3§ < r’ < r, which means that 1,(€2,) is left-continuous.
This implies that there must be some r > 0, such that p (R}) > ps(2) > ps(R™).
Now define ro := inf{r > 0; us(R") < p5() < ps(RY)}.

It is clear that for every r > rq, 1s(IR") < ps(2) < ps(R'}). Suppose now there exist
re > 11 > 1o, but pug(Q.) = ps(2,,). Using Corollary 3.2, there exists a nonnegative
function u; € HJ(Q,,), where u4(Q,,) is attained. Hence u; satisfies the corresponding
Euler-Lagrange equation in €2,,, and again this violates the Strong Maximum Principle,

hence the strict monotonicity.

Remark 2.6 In the above situation, both cases ro > 0 and ry = 0 could happen.
Indeed,

a) If R™\Qy = B(0,r*)N R, then ro > r*. Notice that in this case, we have () <
ps(IR'Y) whenever r > rg, and therefore there exists a solution to (2), though 0
is flat near 0.

b) If R"\Qy = Bs :={z = (2/,2,) € R": (x, — 0)® + |2/|* < 6%}, then ro = 0.

10



3 Blow-up Analysis and Attainability of Best Con-
stants

In this section, we show that some aspects of the well known blow-up techniques are
still valid in our context. The novelties here —when there is a singularity at 0 € 92— are
the fact that the energies are not translation invariant, and that the limiting case is the
half-space IR!} as opposed to all of IR". Consider the Dirichlet problem

|z[®

T TR
Au i~ + in Q (17)
u = 0 on Of)

where ) is a bounded domain in R", 0 € Q, 0 < s <2 <n,p=2%(s)and 2 < ¢ <
2*(0) = % Here A > 0, if ¢ > 2, but we can take A € IR, if ¢ = 2.

The following discussion applies to the case where 0 € ) and also to the case where
0 € 012, a boundary that is smooth near the origin. The “limiting problem” will be:

Ay = L2 on M
S (18)
u(r) — 0 as  |[lz]| — oo,

where

R, if 0€Q,
M‘{m, if 0eon.

The energy functional for (16) is well defined on H{(€2) by

4= fo-b [

while (17) corresponds to the functional Iy

2 4+ |U|
2/ Val” = \x|

defined on D“?(M), which is the closure of C§°(M) under the norm ||ul/przy =
/ |Vul?.

M

In view of Egnell’s result, both limiting problems have a solution corresponding to a

critical point of Iy. The following is a direct extension of the known case when s = 0,
established by Struwe.

Theorem 3.1 Suppose (uy,),, is a sequence in H{(Q) that satisfies I (up) — ¢ and
I (up) — 0 strongly in H=Y(Q) as m — oo. Then, there is an integer k > 0, a solution
U° of (16) in HY(Q), solutions UL, ... U* of (17) in DY*(M) C DY2?(IR™), sequences of

radii v}, ... vk >0 such that for some subsequence m — oo, vk — 0 and

1)ty — U® weakly in H} (D),

11



k
2) U, —U° — Z(rﬁn)%TnU]((rﬁn)_l)H — 0, where || - || is the norm in D?(IR"),
2 b in2
3) |Unll” = DU,
=0

Recalling that a functional [ is said to have the Palais-Smale condition at level ¢ (P-S).,
if any sequence (u,,), in Hg(Q) that satisfies Iy (u,,) — ¢ and I (u,,) — 0in H71(Q) as
m — 00, is necessarily relatively compact in H}(Q2), we can immediately deduce from

the above theorem that I satisfies (P.S). for any ¢ < 2(n -y f1s(M)=2= . This implies the
following;:

Corollary 3.2 Suppose that 0 € 02 and that 02 is smooth near the origin.
1) If 1s(Q) < ps(RY), then pus(Q2) is attained.

2) If the principal curvatures of Q2 at 0 are negative, and if n > 4, then there is a
positive solution to (2).

Proof: The above theorem yields that [y satisfies (PS), for any ¢ < (n S ,US(R:L_)E.
If 11,(2) < 1, (R2), then

2—s n—s 2—s
s 0)z=s <

B = inf sup Io(p(t)) = ps(IRY) %,

PEP 4(0,1] 2(n —s)

where
P ={pec((0,1]: Hy(®)) : p(0) = 0. o(p(1)) < 0}.

That 3 = 555 115(€2) 2= can be proved using the similar argument for s = 0 [20, p.178].
The mountaln pass theorem yields a sequence uy € Hj(Q) such that

2 - n—s
Io(ug) — ﬁus(ﬁ)ﬂ and dlp(uy) — 0 in H Q).
The (P-S) condition yields that ux — w in H}(Q), Iy(u) = %MS(Q)% and dly(u) =
0; that is [, [Vul|* = ms, so that

2 U |ul? _
stligfo(tu —sup{ /\V |* — / P }—Io(u).

n—s

But
Jo |VU|2
ufp \ 2/P
(Jo £27)

2—s
Ip(tu) =
igg oftu) 2(n —s)

12



which implies that
Jo [Vul®

W = 115(92)

is attained at u.
For 2), it is enough to combine assertion 1) with Theorem 2.2.

The proof of Theorem 3.1 requires several lemmas, some of which are quite standard,
like the following Brezis-Lieb type lemma (when s = 0)

Lemma 3.3 Assume {u,,} C H}(Q) is such that u,, — u a.e. on Q and u,, — u
weakly in H3(Q). Then,

1) ol =t o as n— oo

|z[* |z|® x|®

2) o |[Vunl* = [o |V, — Vul*> = [o|Vul?> as n— occ.

3)  If uy — u weakly in DY2(IR™), then ‘uml‘ ‘5%” — ‘um_ulT;;(um_u) — Iu}:ju in
H=Y(R").

Proof: The first two assertions are standard. Here is a proof of 3). By the mean value
theorem, we have

‘um‘p_2um |um — u|p_2(um — u)

-2 |U|
||

< (p = D) lum| + Jull?

| z]* | z]*
For R > 0 and w € D(R"), we get from Hélder’s inequality:

|um|p_2 U — u|p_2
/gc>R |z |5 tm = |z|* (tm =)

|t P72 + JufP?

<C |ul|wl
j2|>R ||
|y [P~ u|P~
C/ |x‘s(p 2)+ + |x‘s(p 2)+ +

<C

(. 'Tsf>*+</|x.ﬁ%ﬂWW.( =)’
<cpl( /1Y

Here we have used the Hardy-Sobolev inequality:

wlP 1/p
(L) <ctl

13




We also have that

/ [P~ *u </ ul™ w
w . s - Al
el>r |z|® T >R |07 b
—1
< ([ v [t v
- |z|>R ‘SL’|S |LU‘S
1/
< clu( /14
B L

By the dominated convergence theorem, for every € > 0, there exists R > 0 and k£ > 0
such that for all n > k, we have

/ U [P720 |ty — P (U, — ) ufP?
— — w
>R\ |z]* || ||

As in [14, Lemma 4.3], we have on B(0, R),

< effwl]

and

/ |um|p_2umw / ‘u‘p—2
_ — w as N1 — Q.
o|<R |x|®

Hence

[t — ul”? JufP~*u

‘um‘p —_—
/< EE ) R W e

which completes the proof.

Lemma 3.4 Consider (up,)m, in H () such that I\(u,) — ¢, and dI\(u,) — 0 i
HYQ). For (ry,) € (0,00) with 1, — 0, assume that the rescaled sequence vy, (z) =
n—2

3

rn{%um(rmx) is such that v, — v weakly in DY*(R™) and v, — v a.e. on R".
Then, dIy(v) =0 and the sequence

2—n
Wi (T) 1= U (T) — 1 0 (%)
satisfies Io(wn) — c—1Io(v), dlo(wm) — 0 in H=H(Q) and [|wp[* = [[um[| * = [[v]*+o(1).

Proof. Easy computations yield the dilation invariance:
2 nr2 2 2 2
ol = [ V(mﬁ um(rmx))’ dr = [ 1Vl do = un,
PRy STy R T
R |l . R fls

14




therefore Iy(v,,) = Io(uy), i.e., the functional Iy is invariant under dilation. Since
U — v in DY2(IR™), it is clear that

[wnl® = (Vwn, Vwy) 2gry = (Vo — Vo, Vo, — Vo)
= vwl® + lol* = 2(Vv, Vo) = [om]* = [[o]* + o(1)
= JJuml* = fJull* + o(1),

Since v, — v weakly in D"?(R"), dly(u,,) — 0 in H~'(Q), Lemma 3.3 leads to

Iy(wy,) = Io(vy) —I(v) +o(1) = Ip(um) — Lo(v) + o(1)
= ¢—Iy(v) +o(1)

Since r,, — 0, we have dly(v) = 0, and again by Lemma 3.3, we finally obtain

I (wp) = dIo(u) — dIo(ra v(—=)) + o(1) = o(1).

'm

We also need the following:
Lemma 3.5 Ifu € D"?(R") and v € C$°(IR"), then

v2uf? 1 ul?\ 7 )
< ny-—
/ |LU‘S - IMS(R ) /suppv |LU‘S /|V(UU>|

Proof. By Holder’s inequality,
[ mm2
|z[* 2[5O o7

\Mp -3 Y
</ LS N i
- supp v |l’|s |ZI§'|S

Now apply the Hardy-Sobolev inequality.

Proof of Theorem 3.1: Let u,, — ubein HJ () such that Iy (u,,) — ¢, and dIy(u,,) —
0 in H=Y(Q). That such a (PS)-sequence is bounded, is well known and can be found in
[14, Lemma 4.4]. Note that when g = 2, A can be chosen to be any real number. There
exists therefore a subsequence, still denoted by (u,,) such that for some Uy € Hg (),
Uy, — Up weakly in H}(Q2) and Vu,, — VUj a.e. An easy consequence of Lemma 3.3 is

that dI,(Uy) = 0. Moreover, the sequence u} := u,, — Uy satisfies

[ |WMF—HMﬂ”+d)
() dlp(ut) —0 in H Q)
Io(ul) — ¢ — I\(Up).

15



Case (1): If ul, — 0 in LP(Q, |2~ dx), then (dlo(ul,), ul) = fo|Vul,[> — fo 1= — 0,
since dly(ul,) — 0. Tt follows that ul — 0 in H}(Q), and we are done.
Case (2): If ul 4 0in LP(, |z|~* dz), then from

Um
)k = [ 19ah = [ 52 = o)
1 |p 2/p
[ 1wtz wgmn ([ )
Q o |x|*
WP\
<A|ﬂ5 ~ o

for large n and we may therefore assume that

and

we have

n—s

1 |p —
/ [t >0 forsome(<d< ('us)z
Bn |z 2

Define an analogue of Levy’s concentration function,

b,

_ m|
@m(r) = /B(Or lz|s

Since @Q,,,(0) = 0 and Q(co) > 4, there exists a sequence !, > 0 such that for each n,

5:/ [ "
BOsL) |z]®
n—2 1

Define v} (z) := (r}) = ul,(r}, x) Since [|v}|| = |jul,|| is bounded we may assume
Uy, — Ur in DY?(IR") weakly, vy, — Up ae. on R™ and § = [p(q 1) 7 ‘l dr. We now
show that U; # 0.

Define Q,, = -, and let f,, € Hj(Q) be such that for any h € Hg(fQ), we have

(dlo(ul), h) = JoVfm - Vh. Then gp(z) = (1) fu(rme) satisfies fo, |Vom|> =
Jo |V fml? and (dIo(v},), h) = Jo, Vgm - Vh for any h € Hy(Qn).

If Uy =0, then v}, — 0in I} (B(0,1), |z|~* dz). Choosing h € C§°(IR") such that supp
h C B(0,1), we get from Lemma 3.5,

[N = [ Vel VRl + o)
B(0,1)

B(0,1)

:/h2|v |p+/ng~ V(h20l )+ o(1)

< ps(R™)7'- </B(01) E ) _g/’V hv}, “1o (1)
= ps(IR") _15%/’V (hv}) ’ +o(1)

< - /’th + o(1).

16



Hence Vov!, — 0in L2 (B(0,1)) and v}, — 0 in LP(B(0,1), |z|~* dz), which contradicts

loc

the fact that [ biul” — 5 > 0. Thus we have proved that U, £ 0.
B(0,1)

|z[*

Since 2 is bounded, we can assume that rl — rl > 0. If !, > 0, the fact that u}, — 0

n—2
weakly in H}(Q) will imply that v} (z) = (r}n) > ul (rpr) — 0 weakly in D“2(IR"),

which contradicts that U; # 0, and therefore r! — 0.
By (%) and Lemma 3.4, dIy(U;) = 0, and U; is a weak solution of

ER

{ “Ay = in M

u—0 as |z| — o0

where M = IR" if 0 € Q2 and where M = R if 0 € 0. Indeed, to show the latter case,
we can assume without loss of generality that R}, = {z, = 0} is tangent to 02 at 0,
and that —e,, = (0, ..., —1) is the outward normal to 02 at that point. For any compact
K C IR™, we have for m large enough, that T&l NK =0, asrl — 0. Since suppv}, C Tﬂl
and vy, — Uj a.e. in R", it follows that U; = 0 a.e. on K, and therefore supp U; C R'.
The sequence u2,(z) := u., (1) — (r}n)%TnUl <£1> also satisfies
,rm
2

[up|I” = lluml* = 1Uo]I* = U117 + o(1)

Io(uy,) — ¢ — In(Uo) — Io(Th)

dIo(u) — 0 in HYQ).

Moreover, any nontrivial critical point u of Iy on H}(M) satisfies

2

‘u‘p P 2 ‘u‘p
,us( )</7"|LU‘S —/ | U/‘ |,’L"s7

1 1 |ul? 2—s n=2
Iy(u)=|=—- > = ———— (M),

o= (5-5) LTk 2 = gm0
By iterating the above procedure, we construct similarly sequences (U;), (rJ)) with the
above properties. Since for every j > 1, Io(U;) > ¢*, the iteration must necessarily
terminate after a finite number of steps.

so that

Remark 3.6 This type of blow-up result also holds for domains §2 with a conic singu-
larity at 0. More precisely, consider an infinite open cone of the form C = {z € R";z =
r0,0 € D and r > 0} where D is a connected domain of the unit sphere S™~1 of R",
and assume the domain €2 satisfies CNQ = C N (2N B,) for every ball B, (centered at
0) with radius r < rg, where rq is some positive number (i.e., {2 has a conic singularity
at 0), then Theorem 3.1 remains true, with M —in this case- being the corresponding
infinite cone C.

Behind our analysis, is the fact that (PS)-sequences either converge or concentrate at
0. This is due to the fact that the embedding H{(Q) — L¥ ) (Y, |z|~*dz) is compact

17



whenever 0 ¢ €/, which means there are no bubbles away from the origin. The following
corollary can also be obtained by combining Corollary 3.2 with Egnell’s analysis, which
imply that lim, o+ (2N B;.) = ps(RY).

Corollary 3.7 Suppose that 0 € 9 and that O is C? at 0. If us(Q) is not attained,
then there exists ro > 0 such that QN By, # 0 and ps(Q) = us(Q2 N B,) for every
re (0, ’l“()).

Note that Theorem 1.1 implies that ps(€2) is not attained whenever (Q is star-shaped
around 0, and therefore there is no ground-state solution for (2). The following standard
Pohozaev-type identity, gives a stronger result:

Proposition 3.8 If the domain €2 is star-shaped around 0, then problem

(19)

—Au:% in
u € HL(Q)

has no non-trivial solution.

Proof. The assumption €2 is star-shaped around 0 simply means that x -~y > 0 on
00\ {0}, where v is the outward unit normal to 0€2. Multiply the equation (19) by
x - Vu on both sides and integrate by parts, we obtain

1 n—2 n—s [ |u*®
= I [vatar == | du.
2/69| ul"w - ydo + 2 Q| ul'de 2%(s) Ja |z|® ’

On the other hand, multiplying the equation by u and integrating, we have

2%(s)
/|Vu\2dx:/ [u dx
) Q |x|®

Combining these two identities, one gets [ |Vu|*z - vdo = 0, which concludes the
proposition.

Remark 3.9 Unlike the case s = 0 , we can have solutions to (2) for star-shaped
domains. Indeed, consider a bean-shaped domain with vertex at 0. Since the principal
curvatures are strictly negative at 0, there exists a solution to (2). Note that this is not
contradictory to Proposition 3.8, since the domain is not star-shaped at 0, though it is
star-shaped at some other point.

4 Least Energy Solution To The Perturbed Dirichlet
Problems

Throughout this section, we assume that €2 is a bounded domain in JR™ and that 0 € 012,
0 is Lipschitz continuous, 9 is C? at the origin. Consider the functional

1 VAP
1,0) = [ [5IVel = o= = Zpolflda



on H}(Q), where 2 < ¢ < 2* := 2%

n—2"
We shall deal first with the case of linear perturbations.
Theorem 4.1 Let Q) be a bounded domain in IR™ with Lipschitz boundary and consider
the Dirichlet problem

_ 2y .
Au = S T Au in € (20)
u =0 on 0f).
for 0 < s <2 andn > 4. Assume that 0 € 9Q and that 02 is C%-smooth at 0. If
O has non-positive principal curvatures on a neighborhood of 0 (in particular, if OS2
has negative principal curvatures at 0), then for any 0 < A < Ay, (20) has a positive

solution.

Proof: The results of the last section give that I, satisfies the Palais-Smale condition
(PS). for any ¢ < 2(1__88) ,us(lRﬁ)%. So, we need to find a critical level below that

threshold, for the functional

1 ’U_2: (s)

25(s) |z®

1 2 Ao

1(0) = [ [5190* = 5o Jdo
on the space HJ(Q).
To use a mountain-pass argument, note that since A < Ay, then 0 is clearly a strict local
minimum for /. The condition on the curvature at 0 implies that —-modulo a rotation—
there is some P, 5 C Q, where v < 0 and 6 > 0. Since 115(€2) < pus(R7), we only need to
consider two cases:
Case 1: 115(2) < ps(R%).

By Corollary 3.2, there exists then a function w € H}(Q2), such that [, [Vw|* = u,(Q)

and [ ‘w“;*s(s)dx = 1. Without loss of generality we can assume that w is nonnegative
by replacing w with |w|. Since A is positive, we have the following inequality:
1 1 7"
sup I(tw) < sup J(tw), where J(v) = /Q GIVel -5 3 |; )
Since sup,.q J (tw) = % 115(Q) 3=, the conclusion follows.

Case 2: p1,(Q) = p(IRY).

This means that v = 0 in view of Theorem 2.2. In this case, we will closely follow the
strategy used in Theorem 2.2 where we start from an extremal function ¢ € Hg(R'}),
and through cutting and scaling, we get a test function ¢, on {2, whose various norms
are controllable perturbations of those of ¢. Note that bending is not required here,
therefore we only need to pay the cost of the scaling and of the cut-off.

As mentioned in Theorem 2.2, the decays estimates on ¢ and v are: |p(z)| ~ \w\%’

|Vo(z)| ~ \w\% and |V, (z)| ~ €. Since no bending is required, direct computations

similar to those in Theorem 2.2, show that

C
2 2
/@%JU\Wﬂ [ol” ~ on=2’
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C

[ 167V ~
|z|> 500

/ |¢O’ 2*(s) C
~ :
2|>150  |x|® on=s’

here and below C represents various positive constants, which are independent of o. We
therefore have the following estimates:

1
1964 = () + O( ),

a(n=2) a(n=2)
2

/|¢J|q—ca = 4 oo

2*(s)
50 1 o
Q |ZI§'|8 on—s

_n)7

).
For 2 < ¢ < 2*, we obtain

Joldsl? = [pn |02 ¢\ (0a)hy(0x)|9da

qn2

= T |09 (2)g ()] 1d

a(n—=2)

—CO' E )_"+0( = ).

Notice that when ¢ = 2, the order of ¢ is —2 and the above estimates, combined with
the assumption p5(Q2) = ps(RY) give, for n > 5,

2 2 2% (s 2%(s)
1(t90) =5 o [V6ol* = % fo 00 o0 J el
=S (1s(Q) + O(55=)) — t° (5)(2* ® (55)) — ACt? 5 + o(5).

Since A > 0, then for ¢ large, the minimum is attained in a uniformly bounded interval,
and it is easy to see that sup,., I (t¢,) achieves its maximum at ¢,;, where

ty = MS(Q)Z*(S) 2 —Co 24 o(c7?).
Substituting the value into the expression of I(t¢,) and noticing that ¢,; is bounded
when ¢ — oo, it eventually leads to

275 L E o 1 o(o?),

R0 = 50—y

where C' > 0 is independent of o. From the above identity we can see that for sufficiently

large o,

sup I(th,) < ——° ; 1 Q)F

>0 2(n—s

and we are done.
The case n = 4 could be treated similarly, with the help of the stronger estimate

b dr  logo
2 -2
/Q|¢U|~Ca A5—~ 7

20’7’ (o
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Adopting the similar strategy as in the case s = 0 (]20]), one can argue that the
mountain-pass solution must be of one sign, say, nonnegative. Then the maximum
principle concludes its positivity.

Now we deal with the Dirichlet problem with a non-linear perturbative term.

Theorem 4.2 Let ) be a bounded domain in IR™ with Lipschitz boundary. Assume also
that 0 € OQ and that O is C*-smooth at 0. If n > 4, then equation

|z[*

“Au =BT et i Q
(21)
u =0 on 0f2

with A > 0 has one positive solution under one of the following conditions:
1) 32X < q < 2%, where 2* = 2*(0) = 2%,

2) 2 < q< 2" and 0X2 has non-positive principal curvatures in a neighborhood of 0.

Proof: The idea again is to try to find a critical point for the functional

1 1 o2

1) = [ (5190 = g = Sl

in H 1(Q) through a mountain-pass argument, by using that I, satisfies (P.S). for any

c< 2(n >y 2=y, ()3 . As above, we need to deal with two cases.
Case 1: 115(2) < ps(RY).
As before, there exists by Corollary 3.2, a positive function w € Hj (), such that

wz (s)
Jo |Vw|2 = 1s(Q2) and Jo | I

dxr = 1. Since A is positive, we have:

2%(s)
sup I, (tw) < sup J(tw), where J(v /{ |Vo|* — e

0 10 () | z]*

tdz,

while sup,., J(tw) = 2(2n 5 Hs (Q)%=.
Case 2: 1,(Q2) = ps(IRY).

Again, as in Theorems 2.2 and 4.1, from an extremal function ¢ € Hj(R?), one
gets through bending, cutting-off and scaling, a function ¢, on 2, with the following
estimates:

n Y
196, = p(B3) +0(2), (22)
/ l6y|7 = Co™ 2 4+ o(0 ™2 ), for 2< g < 2, (23)
|9s]* ) v
=1 L 24
[ =10, (24)

Now we estimate the mountain-pass value. By (22), (23), (24), and the assumption
1s(2) = ps(IRY), we obtain
2% (s) L 127 ()
t Jo o]

I(tge) =% Jo [Vool? = 2L fo|¢6l* — Sy Jo 1250

= 2 (1s(Q) + O(2)) — 52 (14 0(2)) — Ctso™

q(n 2)

2 o
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In part 1) since —1 < @ -n<0,= o(aqu) "), and sup,., I(t¢,) achieves its
maximum at t,; on a uniformly bounded interval when o large, where
a(n—2) (n=2)
tar = 15 ()T — Co ™5 o5 1),

Substituting the value into the expression of I(t¢,) and noticing that ¢,; is bounded
when ¢ — oo, this eventually leads to

ag(n—=2)

1s(Q)2 + O(yo ™) = CAe™ T "+ o(o

2—5 a(n—2)
I(td,) = ——— ),
sup (to) =) )

Hence for o is sufficiently large, without any restriction on ~, the range of ¢ in 1)

guarantees that

2—35 n—s
115 (£2) 2.

WpL00e) < 565

In part 2) now we only need to deal with v = 0 (since v < 0 belongs to Case 1, which has

been discussed). As in the proof of Theorem 4.1, no more bending is required, therefore
we only need to pay the cost of the cut-off and scaling, hence we have

1
[ 1900 = (@) +0(—).
/Q|(Z50|q _ CJQ(n2—2)_n i O(Uq(nz—z) —n>’
Do 2*(s) 1

(n—2)

We require £5-= —n > —n + 2, hence the conditions ¢ > 2 and n > 4 are sufficient.

5 The Neumann Problem

When 09 € C?, it is easy to see that the embedding H'(Q2) — LP(Q, |x|~*dx) is contin-
uous, where p is the Hardy-Sobolev exponent. Just as in the non-singular case, problem
(4) has a variational structure. It is easy to check that the positive solution of (4)
corresponds to the nonzero critical points of the functional

1 T
7 :/ ~|Vuf? -  Cadd
(w) = J 5Vl = 5 o ~ Ml
defined on H*(Q) and the norm ||u|| g1y = ||Vul|2 + [Jul/12 is equivalent to

lulg = (/Q(|Vu|2 + )\u2)dx)%

The relative compactness of Palais-Smale sequences can easily be adapted from [22]
where the case s = 0 is considered. One then obtain the following:
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Lemma 5.1 Let (u;) be a sequence in H*(Q) such that J(u;) — ¢ and J'(u;) — 0 in
H™YQ) as j — oco. If the level
2—s

¢ < mﬂs(ﬂn)%> (25)

then there is a non-zero u € HY(Q) such that J(u) < ¢ and J'(u) = 0.

The rest of the proof of Theorem 1.3 consists of finding a least energy solution to (4)
below that threshold. Since the boundary 99 is C?, and the mean curvature of O
at 0 is positive, the boundary near the origin can be represented (up to rotating the
coordinates if necessary) by:

n—1

T, = h(2') = Z agz; + o(|2'f*),

where 2/ = (z1,...,2,-1) € D(0,6) for some 6 > 0 where D(0,0) = B(0,0) N {z, =
0}. Here ai, ..., q,_1 are the principal curvatures of 02 at 0 and the mean curvature
St > 0. Set

(@) = T (e 4 o)

Theorem 5.2 Under the above assumptions, problem (4) possesses a positive solution,
provided n > 3.

Proof. For notational convenience, we denote 2*(s) by p throughout the proof. The
solutions of (4) corresponds to the nonzero critical points of the functional

Ty = [ Liwup = 18 _ L1y,
Q Pl

Set

the mountain-pass level, where ¥ = {¢ € C([0,1], H'(22));%(0) = 0, J((1)) < 0}. We
also set

cx = inf {sup J(tu);u > 0,u Z 0
uEH(Q){t>€ ( ) # }

It is easy to see that ¢ < cx. In view of Lemma 5.1, we need to prove ¢* < 4(2n__2) TEa
We claim that

n—s

Ye = sup;q J(tue) < 4(2n__58) i (26)
for € > 0 sufficiently small. Denote
:/|Vu|2 K(e):/|ue| dr and g(z 1nz:1a:)3
Q € Y 2 Q |:L'|

The proof is divided into two cases.
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Case 1: n > 4. One then has

Ki(e) MHdex—bmwm%”\WM%%+O@“)
= — fpnr da! [85) | Vu|2da,, — Ip(0.s) A’ f |Vu5|2dxn+0(ez =),

where 2

_ 27, _ 2 \y\ i
Ky = | |Vul*de = (n—2) T W, (27)

o (L [yPms) >

which is independent of €. Observing that
I(e) : = [gnrdd [; o) |Vu,|*dz,
x x|2~25dx
= (n— 2)2€5 gy da! [§) AT

§ P (et (28)

1
_ 2 roray)e?=s  |ylPm*dy
=(n—2) Jrn—1 Ay’ fo CEDR
(1+y|>==) 2==

We note that

/12—2s / n—1
lim e_ﬁl(e) =(n—2)? il g(x%)ks) dz' = (Z a;)A,
e—0 Rn—1 (1 € |$/‘2_S) 2—s i=1
where A := @f}gn—l |x/‘2723‘€{7‘is) dz’ = 2(n 1 fRn 1 2™ 2;(n dz’ > 0.
(I+|z![2==) 2= (I+]a/|2==) 2=

In view of the curvature assumption, this implies
I(e) >0 and I(e) =0O(e¥>).

Moreover,

‘ZB‘Q 2s

L(e) s = fos da’ fyi) [Vuel2dz,|
Z(n s) dx ‘

=2 h(x
— (0 = 2255 fpq dan [15)
(e+]a’[2-+) 7=

n-2 h(z')—g(z")|dx’
S C(n . 2)26275 fD(Oﬁ) %’

(6—‘,—‘%"27‘5‘) 2—s

where C' depends only on 9, n.
Since h(z') = g(2') + o(|2’]?), it follows that Vo > 0,3C(c) > 0 such that
[h(a") = g(z')| < ola'* + C(o)]'|2

and ;
. /2 C /|2
1) gCer?/ olz'|* + (azlfs)z i’

D(0,9) (€_|_ ‘x/|2—8>ﬂ

< Ce?lTs(a + 0(0)62(21*5) ),
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which implies
Li(e) = 0(62_13) as € — 0.
Thus we obtain
Ky(€) = LKy — I(€) + o(e7). (29)
On the other hand,

Kole) = fRn W 2 = fpos) dx/foh( edry + O S)
= — Jpn-r da’ g(x d:cn fD(o,é) da’ fg(x’

Y d, + O(e775).

les ER
where
Y o=
K2 = fR” @ = fR” p(n—2)
n—s |CC|;(6—|—‘;1;‘2*S) 2-s
= €2 fRn - 2(n—s)
le“"éeﬂx\%s) Z=s
= fR” Y 2(n—s) *
lyls(1+]y|2=5) 2=
It is well known (see [14]) that K5, K satisfy
n—2
Ki/K3™ = ps = ps(R"). (30)
Since
Ezlsg(y/) d
I1(e) ;:/ dz / A _/ dy’/ o (31)
Rn—1 |Zl§'| Rn—1 0 |y|s(1 + |y|2—8) 25
this implies that
/ d / n—1
lim e 75 [1(e) = / DL T—, Y
o Py S
12 / / /
where B = %fR"fl ly;"dy n—s) — 2(n1—1) fRnfl lv \Qdy 2(n—s) > 0.
ly'[5(1+]y/|2—=) 23 ly'[*(1+y'[2==)" 2=

It follows from the curvature assumption again, that

II(e) >0 and II(e) = O(e7=).

Similarly,
h(z') q,P
[ et [ ] = o)
D(0,5) @) |x|*
Therefore,
1
Ky(€) = 1Ky — I1(€) 4+ o(e7). (32)
Moreover, careful calculations lead to
O(ezls) n=3
Ky(e) = [ u?={ O™ Inel), n=4
O(e7), n>5



Let t. > 0 be a constant that

J(taw) = Y. = sup J(tu,) sup{ (K1 (€) + AKa(e))£2 — %Kg(e)tf”}.

t>0 t>0

For n > 4, K3(e) = (6215) hence

Y= ) S SRRSO o) = G e

We claim that

n— —s 1 1 n—
KL (0)/(Ka(€)) =5 < 2705 g+ 0(e77) = K1 /(5 Ka) ™= 4 o(e),
which will lead to our conclusion.
By (29), (20) and (30), the above is equivalent to
n—2 n—2
(3K, — )BT < LKL (3 — T1(0) + o(e77)) 5% 4 o(cx™)

n—2 _1
= %Kl{(%Kg)”*s — - 2(%[(2)”*5[](6 }+ O(EZ*S),

6 - (n-2)K
0 >~ sk

From (28) and (31), and using L'Hopital’s rule, we know

ie., lim._

lime_@ % = lime_@ #((EE))

9 \y’\272sg(y/)dy/
(n—2) fRnfl 2(n—s)
— (+ly'|2=5)" 2=s
o f g(yN)dy’
Rrn—1 2(n—s)

ly/Is(1+]y|2=s) 2=s

2 [ Pnt2-2s4,
(n=2)* |7 — iy
(14r2—8) 2—s
oo T-7l*sd7-
S ——t=r

(1+,,«275) 2—s

Integrating by parts, one has for 2 < 8 < 2(n —s) — 1,

/00 rP=2dr _2n—2—5 /00 rP=sdr
0 (1472 s)(’) -1 6—1 0 (1_|_T2—s)2(§:f).

Observing that

o0 rP=sdr oo rB=2p o =24,
‘/0 92 s Z(n_:s) :A 9 s (n s) 1 _‘/0 o 2(n 5),
(L) (14 72=)7 (14 72-)"

/00 rB=sdr B B—1 /00 rP=2dr
0 (1 + 7,2_3)2(2”:;) 2n— 0 —1—sJo (1 + 7,2—3)2(2”:;) '
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Therefore one has
. I(e) n+1l+s
lim =

— 9)2
Mo~ =3 =2

and

n—s K, n—s 1+,r2s 1+r232("5)

_(n—2)n—s_ 5
 n—s n—2_(n_2>'

n—2K1 (n_2)3 00 n+1 2sd’l“ P 1- sdyr
%= s =),
°

We therefore get
](6) n—2 Kl

>
II(e) " n—skK,
Case 2. n = 3. Careful calculations lead to

1

+o(1).

Ki(e) < §K1 — C’eﬁ| Ine| + o(eﬁ) for some C' > 0, (34)
1 1
KQ(E) = §K2 — 0(62*5‘). (35)
Letting J(teue) = Ye = sup,~q J(tu.), we have
1 5 1 1
Ye < sup[5 K (e)t” — —EKa(e)t’] + O(e>)
>0 2 p

. 2—s Kl(E) n—s 621TS
_2(n—s)[(K2(e))Z—ii] o),

Consequently if

n—2 — 1

Ki(€)/(Ka(€) 7= < 277 iy — O(e77), (36)

then (26) follows.
By (34) and (35), (36) reduces to

1 —s 1 n—
§K1 — Cer |Ine| < 2_72%5#8[5[(2 - 0(6213)] =t 0(62;)
1 n-2 1
= §,u5K2” *+ O(e7).

n—2
Since K;/K3 ™ = ps, we get (36) immediately. Hence we found a critical point u €
HY(Q) of J(u). Now we show that u > 0. Because

0 =< J'(u),u_ >= /anu_\? ~ AMu_)}dz,

Where u_ = min(u,0), and A < 0, we conclude that u_ = 0, or u > 0. Since u cannot
be constant, v > 0 by maximum principle.
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Remark 5.3 As noticed in [19] (there s = 0), if Q is an exterior domain, the mean
curvature at 0 (when seen from inside) is negative, then there exists a least-energy
solution. The proof is almost the same as above. While if IR™\Q is close to a ball in
some sense, then for A > 0, (4) has no least energy solution.

One may of course replace the nonlinearity in (4) with a more general nonlinear
term and obtain similar results. The same arguments also apply to get the following
extension of Theorem 5.2,

Theorem 5.4 Suppose that the mean curvature of O at 0 is positive, then the problem

AN T |“‘p*(z)71 — AP~ in Q,
p ||
|VulP2Vu-v =0 on 09, (37)
u >0 in €.

has a solution. Here v is the outward unit normal to 02, A > 0,1 < p <n,0 < s <
p,p*(s) = p(n”f_ps) and where Ayu = div(|VulP~*Vu).

Based on the mountain pass solution -found in Theorem 1.3- and using a suitable
form of Ljusternik-Schnirelman theory, one can establish the following theorem. Anal-
ogous results in this direction have been obtained, for example, in [9] for the Neumann
problem when s = 0, [14] for the Dirichlet problem when s > 0, 0 € (.

Theorem 5.5 Under the same assumptions as in Theorem 1.3, equation (4) also has
a sign-changing solution, provided n > 6.
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