Kirchhoff Scattering Inversion:
I. I-D inversion

Chuck Ursenbach, CREWES
Seismic Imaging Summer School

University of Calgary
August 7, 2006

Introduction

» These lectures will introduce the theory
of Kirchhoff migration and imaging

from an inversion perspective

» They are intended to teach some
geophysics to mathematicians and some
mathematics to geophysicists

 Recommended reference:
Bleistein, Cohen & Stockwell, 2001,
“Mathematics of Multidimensional
Saismic Imaging, Migration, and
|nversion”
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Geophysical Ideas

Velocity model, background velocity

Acoustic properties — velocity, density,
impedance

Reflection coefficients

Impulsive source

Time trace, sections, gathers, stacks, offset
Kirchhoff migration, diffraction stacks
Raytracing, Kirchhoff approximate data
Migration weights, Beylkin determinant

Mathematical Ideas

Wave equation, Helmholtz equation, radiation
conditions

Green’s function for homogeneous media
Green’s theorem (a.k.a. Green’s 2" identity)
Integral solution to Helmholtz equation
Lippman-Schwinger equation, Born approx’n
WKBJ approximation (eikonal & transport eqns)
Stationary phase approximation

Fourier transform — asymptotics
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Overview

 Fundamental concepts <+——
e Forward Scattering in 1-D
* Inverse Scattering in 1-D

Target image: 1-D

Geophysics Mathematics
A v(2)

:vx_{

% y4

e Earth model ¢ VGIOCity prOﬁle

e Stratigraphic layers » Constant velocities

* Geological features * Boundary
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Traveling Disturbance: 1-D

Geophysics Mathematics
Reflection coefficient
-1
R. = I+ |21
SR TNt :
R+ T,=1
I, =pv, | \
) 3 le — I ZIII Z --------- ; -----------------------
1, = PV, s w(ZY)
Transmission coefficienty--------------{----=--"{-----------
=P34 v
Z v
* Dynamite or Vibroseis Source (S) Impulse source
*  Earth filter Frequency band
* Noise Inherent uncertainty
* Geophone detection (R) Sampled only on boundary
Traveling Disturbance: 1-D
Geophysics Mathematics
S R V(2 t  yv@OY
L, =PV
L, =PV,
=P34
y4

Dynamite or Vibroseis
Source (S)

Earth filter
Noise

amplitude?
Impulse source
Frequency band
Inherent uncertainty
Sampled only on

Geophone detectiongRd 4 of 68 boundary
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Observed Data: 1-D
Geophysics Mathematics

v (z=0,9)

G —

* Time trace obtained
from receivers v
(geophones) t

» Wave field sampled
at boundary

* Provides boundary
condition for
nversion

Making waves: 1-D

Wave Equation (PDE)
82 1 82 82 1 aZ
¥(zt)=F(zt _ _
[az v(2)* ot? } (20=F(zD {azz 2 atz}G(z,t) 3(2)6(1)

Helmholtz Equation (ODE)

9’ @ B 2’ _
{a?+v(z)2}l//(z,w)—f(z,a)) {g+v(z)2}g(2,0))—5(z)

Radiation Condition (BC)

{8 ' }//(z @) >0 pEjeEor 88°
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Making waves: 3-D

Wave Equation (PDE)

L 9 e 1) = S
{V o atz}G(r r,,t) =9(r-r,)o(t)

Helmholtz Equation (lower order PDE)

2

{Vz + Y }g(r-ro,a))=5(r-ro)

v(r)’

Radiation Condition (BC)

r{aa—r—%}//(r,a))—w as I —oo

e

e

..and similarly for 3-D

Radiation Condition

Boundary condition at infinity

- specifies that there are no sources at infinity

{iil—w}/f{z,a))—w as Z—>too
0z V(2)

io(t+z/vy) - /NSNS REGION \WAVAVAYES e—ia)(t—z/vo)

OF

iw(t-2z/vy) —iw(t+2/v,)

ie—iw(tfrz/vo) — il_a)e—iw(tiz/vo)

0z v,
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Green’s functions for constant v (X)

Helmbholtz equation Wave equation
1-D: | gixo=—; SRC@Xn) g0ct) =2 H (- )
' | |
2-D: gp.o)=-H(@p/v,) g(p.t) = LU= P) Z‘ p
4 2z V' =p |
Vol
(r, ) = SR Vo) St—r/vy)
3-D: o) =—r gr,ty =281V r
4xr |
Wt
Exercise

Verify that, for X or r > 0, the 1-D and 3-D homogeneous (V(r) is
constant) Helmholtz equations are satisfied by the expressions
on the previous slide. For the 3-D case use the spherically
symmetric Helmholtz equation:

2 [rg(r.0)+ 2 g(r.@) = 50

0
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Solution

1.9° [exp(ior /v,) +£2exp(ia)r/v0) 0
ror’ Ar v, dar ’

0
1| @ explior/v,) +gzexp(ia)r/vo)
riv’ Ar v,, Az

r>0

Exercise

Apply an inverse Fourier transform to the 3-D homogeneous
Green’s function for the Helmholtz equation to obtain the
corresponding Green’s function for the wave equation.
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Solution

The inverse Fourier transform is carried out by the following
integral:

1 7 . 1 7 1 i .
g(r,t):E_J;g(r,a))exp(—la)t) do = —I—exp(ﬂjexp(—lax) dw

1 1 7 o[
=—— | exp|iow| ——t | |dw
27 4rr v,

We then employ a common definition of the delta function,

1 7 )
S(X—X,) :Zj;exp[lk(x— X,) ] dk,
to obtain the final result:

g(Rt>=L5(L_t]:L5(t_LJ:M
4rr

vV, 4rr v, 4rr

Exercise

Apply a Fourier transform to the 1-D homogeneous Green’s
function for the wave equation to obtain the corresponding
Green’s function for the Helmholtz equation.
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Solution

To carry out the Fourier transform, the upper limit cannot be evaluated as is. It
1s necessary to add a small, positive imaginary component to the frequency,
which can then be set to zero at the end. This procedure is possible only
because g(|X|,t) is causal, i.e., t > 0.

= =

g(|x|,w)=j\;—0H(vot—|x|)exp(ia)t)dt =V—20 [ exp(ict) ot

0 X/v,

v, lim__exp(iat)—exp(io|x|/v,)

2 12

v, lim__exp|i(@g+il@ |)t]|-exp(io] x|/v,)

2 i

_V, lim,_exp(—| @ [t)exp(iagt) —exp(io] X|/v,)
2 12

v, exp(io| x| /v,)

) i@

Overview

» Fundamental concepts
* Forward Scattering in 1-D <——

* Inverse Scattering in 1-D
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Constructing a forward modeling formula

Helmholtz equations:

{d +L}g(z,w;zR)=—5<z—zR) L;’—+ = }w(z,w;za:—f(z,w;zs)

&z W(z)? Z V(2

d’w
dz’
Do integration

T d’g dw
}dﬁ ! {‘” & g?}dz by parts on
l this side

L,

d’y
dz*

Do substitutions 7| d’g
. [{v==-9
on this side L dz

Exercise: derive this integral solution
to the Helmholtz equation

!

V(2,03 25) = [ 0(2.2, ) T (2,05 2)02

Solution
oy P , P , Do integration
Do s1‘1bst.1tut10ns I{ d'g_d yf}dhf{wd 9_gd_z/2/}dz by barts on
on this side dz* " dz dz2 = dz Y bal
this side
il —s(2—21-Z o |—al —f (212 _[,99_ 9w ]| _f[dydg dgdy
-[c{y{ (2-2) v g}\i{ fz) v r//}}dz [‘// dz g dz }m l{ dz dz dz dz}dz
[ NS _[,99_ dv]
IN{ V(2= 2+ of ()= gy + gw}dz [wdz gdZL
Will vanish at each

< 2 dg  dyT .. .
- [v(zw;2)8(z-z)dz+ | g(z,w;ZR)f(Z,w;zs)d2=[l//d—2—9d—lﬂ “~| limit because of
- - radiation condition

V(2012 = [ 92.2,0)f (0;2)dz|  IZRZ ) contains
= Pagd 11Bf@gnation on b.c.’s & V(2)

I Aagyv
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Forward Scattering

Let the total wavefield be defined as the 2 W Z
sum of incident and scattered waves: <)) 2 V2
Yr =V, tV¥s ) A
i vi \\é @ Ys
Let V(2) be the actual velocity model,
and define a background velocity ‘

model ¢(2) so that ¢/ satisfies

scattering surface

d’y 8
?2' =—0(z— Zs)_?%

1
while 7/ satisfies

1
r c(z) —— [+ a(2)]

d’(y, +ys) _

(V) (- 2)- L1+ @, +ve)

Exercise: Derive the forward scattering integral for g

Ve(Zan Zs, 0) = 00 j oo D (2,2 )Y (2,26, @)+ ¥o(2, 25, 0) 2.
Solution
The Green’s function Subtract ¢/ and ¢ relations:
for c(2) satisfies this d*(w +ys)
Helmholtz relation: T " ZS)__[H(Z(Z)W' v
S/ Y
—[F— d(z-z) = ‘/4}

=—%a(2)w. —%[Ha(z)]ws

effective source

T dzg d’ s [ dg dy, T
’ . —g—rsldz=| .2 _g—rs
1-D Green’s theorem: Jw {‘/’s prcls Vsy 9 -
/

oo

J {_‘//sé‘(z_ZR)"‘ gf_ja(z)[% +l//s]}d2=0

—oco

radiation condition

We(Zsr Zg, 0) = @ j 5 2 4z 2, 0) | PG D) oTE8% % )z Forward scattering
Ursenbach integral




Born Approximation = Linearization

Lippman-Schwinger equation

1
c(2)

Ve(2e, 26, 0) = & [ —= (2)9(2 2, 0) [V, (2. 2, 0) +¥5(2. 2, ) |2

Both related to
scattering potential:
Linearization product 15
“quadratic” in
perturbation

— weak-scattering
approximation

a(2)
c(2)’

Vo(Zrr 25, 0) = @ | —20(2:, 2,0, (2 2, 0)2Z

Note: this may also be considered a single-scattering approximation

Overview

» Fundamental concepts
« Forward Scattering in 1-D

 Inverse Scattering in 1-D <+——
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From forward to inverse scattering

Vs (2Zs. 25, 0) = J (D) — (Z)z 0(Zp. . OV, (2, 26, )2
——
function function function
of w of z of wand z

Acts as a transform
between space and time:

o

V(@)= [ 2T (@,2) dz

—oo

If inverse transform exists, then a(2)= j v ()T (0,2) do

- obtain velocity profile from wavefield on boundary (z= z)

1-D cases to consider

Case 0:

— f (w) =1 (infinite bandwidth)
— single reflector

— C(2) = constant

Case 1: band-limited

Case 2: multiple reflectors

Case 3: ¢(2) non-constant

Page 14 of 68
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Inverse Scattering Cases

Constant background velocity Non-constant background

c(2)=c, V(2) V(2) c(2) V(2)

z=0 ! I
Single Multiple \ K\

reflector reflectors
Case 0,1 Case? Case 3

Constant C(Z)  Cases0, 1,2

2 oo
V(2 25 0) =5 [ (D0(2.2. )y (2.7, 002

0 —co

limpulsive source
@ 7
Ve(Z,2,0) = [ €(29(2. 2, 0)9(2 7, 0)dz

0 —oo

_1exp(io]2-7|/6)
2 iw/c,

9(2.7,0)=

Let (2) = 0 for z< zz, z;, Then T becomes the Fourier Transform.

V(2 2, 0) = eXp["“’(Z: t2)/6)] [ @ expli2o/c,) 1z
0
CCk’)
Exercise: From the modeling expression
above obtain the inversion formula below: /“t ”

a(2) =—4explia(z, + zs)/cp]?%?gzrd'gﬁé@, z,,w)exp[-i@(2z/c,)]|dw
r
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Solution

oo

_exp[-ieN(zz + 7))/ ¢, ] Ia(Z) exp[i(2w/ c,)z]dz

4

Ws(Zs, 25, 0) =

Apply |-4explio(z;+ ZS)/CO](I/ZE)T dQ2w/c,)exp[-i(2w/c,)z]| to both sides

. 127 .
a(z)=—4exp[|a)(zR+ZS)/c0]gC—J-WS(ZR,Zs,a))exp[—la)(2z/co)]da)
0 —oo

Case 0

Exact solutions for ¥/ (2) exist for piecewise constant V (2).
- In each segment it is a homogeneous Green’s function for the given velocity
- It is piecewise continuous at interfaces

- Radiation conditions are satisfied at & oo

Let z, zy=0 and v (2) = ¢, + (c,—Cy)H(z-h)

Exercise: Derive the relation o(z) = —4RH(z-h) + O(R?). Recall R=(c, —¢,) /(¢ +¢,)

_ g Rexplia(2h/c)]
2iw

Then ¥s(z=0,0)=
" cf.

(=20 ovlioin-2 ey,

1l

—oo

Effect of Linearization

=-4RH(z-h) P3ge 16 of 68
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Solution

V(z)= G +(C‘1 _Co)H (z—h)

1
—[1+a(z)]?

v(2)° 0

CZ
a(z>h)==2-1
C

Now rearrange the definition of R to solve for C:
—C 1+R
R=2"% _, C =—-=C,
C +¢C, 1-R
Substitute this above to obtain

a(z>h)=(ﬂJ =R =—4R+0O(R’)
1+R (1+R)’

Case 1: Band Limiting

Replace vs(z=0,0) by f(oys(z=0,0)

f (w): — '!' L, o

Can still solve numerically

Use interactive software (www.crewes.org/~ursenbac) to explore
the questions below:

- What is the effect of changing the upper band limit?
- What is the effect of changing the lower band limit?

- What is the effect of applying a derivative?

It is helpful to define the quantity £(z)= %a( 2)

This can also be obtained byaipsertingaiw/c, into the w-integral
Ursenbach




Spectrum: 0-125 Hz

Inversion Bandwidth Explorer
WWww.crewes.org

a_|pha(x) 'l — 0.19433653
Upperfrequency cutoff: 125 Hz
< b3
— | 41943374 Lawer freguency cutoft, |0 Hz
< >
Step location: 16000 'm
Background velocity: 20000 mis
Uppertime cutoff: an sec
heta(x) 6.7804925E-5 Time sample rate 0.0040  sec
— 4.0
Os t 30s
Om X 3000 m

Spectrum: 0-50 Hz
— 0.53389937
alpha(x)
— -4.5338993
— 0.7568375
beta(x)
— 4.0
0s Pagée 18 of 68 805

om Ursénbach 9000 m




Spectrum: 0.1-50 Hz

/_ -2.2798676

— 0.7663701

alpha(x)

beta(x)

— 4.0

0s t 30s
om X 3000 m

Spectrum: 1-50 Hz
— 2.2044957
alpha(x)
— -2.2044708
— 0.8537783
beta(x) s
— 4.0
0s t 30s
om Page 19 of 68 3000 1
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Spectrum: 4-50 Hz
— 2.01306803
alphaix)
— -2.0130353
— 1.161177
beta(x)
— 4.0
0s t 30s
oOm X 3000 m

Spectrum: 10-50 Hz

— 1.637412
alpha(x) —«»M\MM/\W Juvkj\/\,mzw—
— -1.6373873
— 1.7859169
beta(x)
— 4.0
0s Pagé 20 of 68 30s

om Ursénbach 9000 m




Change of goal

Band limitations suggest seeking & (r) rather than « (r)

a (1) G (r)

» Velocity perturbation

Reflectivity function

 Earth parameters » Geological structures

» Layer properties  Interface properties

* Requires low * Can be described by high
frequencies frequencies

* Dynamic » Kinematic

* Inversion » Migration

* “True-amplitude “Structural inversion”

migration”

Time vs. Depth Migration

» True inversion will convert (x,y,t) data to (x,y,z) image
— this is depth migration

* Many procedures instead generate an (X,y,t) image —
this is time migration

* Time migration

— quicker, less sensitive to velocity errors, less affected by
overburden

— does not reposition, and is poor for lateral inhomogeneity
* Depth migration
— more accurate, positions to correct depth, handles complex
models

— time-consuming, requires raytracing & iterations to get

model correct
Page 21 of 68

Ursenbach




Case 2: Multiple reflectors

Exact solutions for ¥ (2) still exist, but more complicated (Bleistein et al., Ex. 2.11)

Let 7, z5=0 and v(2) = ¢, + (c,—Cy)H(z-h)) + (c,—¢))H(z-h,)
Exercise: Derive o(2) = — [4R+ O(R?)]JH(z-h)) — [4R, +O(RR)]H(z-h,)

:CI_CO :%_Cl
ey k C+G

l//s(2=0,w)=—;—°w{ReXp[iw(2h/Co)]+Rz(l—Rf)i(—Rle)”‘l exp{iw[zn/cwn(m—m/q]}}

Solution
From v(z)=c,+(c —¢,)H(z-h)+(c,—c)H(z-h) deduce
o} z<h 20 ’ z<h
v(z)=4¢ , h<z<h, o(2) = C—‘;— , h<z<h,.
c, , z>h C12
C
=2 -1 z>
e h,

Rewrite a(z> h,) as follows:

2 2 2 2 2 2 2 2 2 2 2
G 1% 6,6 ;.68 G G 1:(&_@&&0_1

22 2t o 2 2 2

G

Using the results of the earlier exercise this can be written as

[—4RZ +O(Rj)](l_RT+[—4F§ +O(F§2)]:[—4R2 +o(R§)][1—2R +o(az)]+[—4a +o(32)]

1+R
=—4R -4R,+O(R})+8RR,+O(R} ) +...
=—4R -4R +O(RR))
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Case 2: Multiple reflectors

ws<z=o,w>=—2f—°w{aexp[iw<2h/co>]+Rz(1—R2)i(—RRz)““ exp{iw[zh/cwn(hfh)/cl]}}

V AN N T
. VARVAY) \/\/\/

Inversion yields

o™ (x)= =4[ RH(x=h)+R,(1-RHH((h, —h)c, /¢ +h —x)+(n=2,3,4... terms) |

a(2) |

ainv (Z)

1
1
— Z : ' " Because of linearization
1 1

Because ¢(2) is wrong

o™ (2) {

Add band-luniting and mvert for
reflectivity functions

L]

/Bim'(:) P m J(.\I !
Ursenbach




Case 3: WKBJ approximation

A high-frequency approximation for hyperbolic PDEs. Assume an oscillatory
solution written as

v(z,0)= A2 explior(2)] BZWE"Z)} V(zw)=0
\

[82 il }{A(Z)expla)r(z)} 0

7 V(2
real -~ T~ imaginary
iw(2A7,+Ar,)=0
0=n Ao L (2Az,+ Ar,,) |
V(2) 2A7,+Ar,,=0 (1-D transport equation)
0=7 - 2 (for high frequency) (AZTZ)Z =0 (conservation of energy)
v(z
! =  Acx JV(2)
= T, :iTZ) (1-D eikonal equation) N
dz'
= 17(2)= j —=_ (traveltime 7) "V (2, @) < JV(2) exp{la) —}
— v(Z')

Case 3

Use the WKBJ approximation to the Green’s function (Bleistein et al., Ex. 2.13)

- valid for high frequency and slowly-varying ¢(2)

/M : Gz

(2,23, 0)=— explinr(z,zy)]  7(zz,) ,
2w (z) FT

(( ; exp2iw7(22)ldz  y (7, 2, 0) = _—eXp[_iw(Z: £2)/6G)] Ta(z) exp[2ia(z/c,)]dz

WKBJ

Vs(0,25,0) = —f ()" ex(2)

Strategy: assume inversion relation with unknown inverse transform

A2)=-[ F(@OT" (20,2, w)exp[-2iwr(2,z)]dw

Substitute g into this expression to obtain

Delta function o(2) phde 7%t BB From this ascertain T~!
Ursenbach




Case 3

FT

/

WKBJ _4 R H
-t ) d
" (2) ﬁc(zs)_J; W (25, 0) exp[-2iw7(2, 25) o
0 i
R % [
0z 2c(2)
B (2) = — [0y, (ze, @) exp[2ion(z, 2o

- 1(2)0(z,) 2, \

-2 . )
homogeneous B2 =— I'wl//s(zs,w)eXp[—ma)l z-z,|/c,Jdw
e, -

oo

Summary

» Helmholtz equation + Green’s theorem =
Forward Scattering Theory (Lippman-Schwinger)

» Born Approximation =
Linearization and/or single-scattering

» Constant background velocity
— homogeneous Green’s function
— inversion of modeling formula by FT-!
— t1s replaced by 2X/C,

» WKBI traveltimes and amplitudes
— approximate Green’s function
— inversion by substitution yielding an FT-!
— t is given by solution of eikonal equation

Page 25 of 68
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Kirchhoff Scattering Inversion:
I1. 3-D inversion

Chuck Ursenbach, CREWES
Seismic Imaging Summer School
University of Calgary
August 8, 2006

Overview

Fundamental concepts <+——
Normal-incidence Forward Scattering in 3-D
Normal-incidence Inverse Scattering in 3-D
Kirchhoff Migration

Page 26 of 68
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Traveling Disturbance: 1-D

Geophysics

S R V()

I, = pvy

I, = poVs,

l3=03v3
Z

e Dynamite or Vibroses
Source (S)

o Earth filter
* Noise
» Geophone detection (R)

M athematics
t  w(h)
—

2

| mpulse source
Frequency band
Inherent uncertainty

Sampled only on
boundary

Obsarved Data: 1-D

Geophysics

* Time trace obtained
from recaivers
(geophones)

Page 27 of 68
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y (z=0,1)

G —

VtV
Wave field sampled

at boundary

Provides boundary
condition for
Inversion




2-D Traveling Disturbance:
zero-offset or normal incidence at reflector

SR(x,) - Acoustic waves

v

- Normal-incidence reflectivity:

=1, 2l

— T — 1
' ol el B Ky
L+, 1,

- Oblique-incidence reflectivity:

_ l,c0s6, -1, cosd, _ 21, cosé,
I, 0086, +1,c0s6,| | % 1,cosé,+1,cosé,

- Elastic wave

- R

- Zoeppritz reflection coefficients

y4
- www.crewes.org/Explorers
v p
CREWES Zoeppritz Explorer @ incident P wave (" incident S wave
www.crewes.org W Rpp I Rps u u r
20 W Tpp [ Tps r r r
18 + incident wave in upper layer
Upper layer density {p1): 20000 kg/rn®
1.6 < >
Upper layerVp (1) 30000 mis
1.4 < bd
Upper layer Vs (B1): w | 18000 mis
12 < bd
Magnitude " incident wave in lower layer
1.0 Laweer layer density (p2): W | 22000 koim=
(=solid ling) £ >
0.8 Laweer layer Vi {o2): w | 4000.0 mis
£ >
0.6 Lawver layer Vs (B2): W | 20000 mis
£ >
0.4 [V Exact Solution (thick line) [ Aki-Richards thin line)
[ Bortfeld (points)
0z Angle limits {integers, 0to 90y |0 a0
i imits: 0 2.0
ne Lot b ol Ul :::;]zjlic:it“:;il;stégers): -300 300
0.0 100 200 300 400 &S00 OO0 YOO 800 900
angle of incidence ¥ Display maghitude [~ Display phase
(degrees) Click here to recalculate graph
Units: & mis and kaim® " fifs and gicm®
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2-D Traveling Disturbance:
zero-offset or normal incidence

SR(x))

S,R(x,)

SR(x)

|

I

-

Obsarved Data: 2-D zero offset

v (X,,2z=0,t)

W (X,Zz=01)

Zero-offset seismic section
Forward modeling goal: v (X,2), v (X,zt=0) — w(X,zt)
Inversion godl: v (x,z=0,t) — v (X, 2)

3-D adds horizontal yrames9 of 68

Ursenbach
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Zero-offset selsmic section

TIME (ms)
= =

00000

N = g s = i

g g g g g 5 g i
. . . . ; ;

At AR A LG L A L e i ALl

s e A2_39|3m1clma@e R Gl
“Distance "¢ Image is essentially a

. - ——= matrix with each sample

=== —— being an estimate of

e reflectivity. Each column is ==~
o —~ . areflectivity time series. — "~

A =

= reflectivity : R(t) isatime =~
v series of estimated =

e ————— — —_—

" Traveltime - reflectivity samples
(related to depth) Re[-11]
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Overview

Fundamental concepts

Normal-Incidence Forward Scattering in 3-D <«—
Normal-Incidence Inverse Scattering in 3-D
Kirchhoff Migration

Exercise

From the following equations, derive the integral solution to
Helmholtz equation for an unbounded medium

{Vz N ?)2)2} w(rr, o) = f(rr) Helmholtz equation for source at rg
v(r

Vi ) }g(r ry, @) =6(r-r;) Helmholtz equation for Green’s function
[0 iw . .
r §_ﬁ v(r,w) >0 a r -~ Radiation Condition (BC)

dy Green’ stheorem
WVig-gviy}av - {v/——g ok as .
H J I dn " dn (also called Green's 2™ jdentity)
. Page 31 of 68
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Solution

2

“ },/(” )= (r.r)

2, o’ 2,
{V }g(r Iy, @) =0(r-rg) {V )

RN

2q_ qvirlay = [l 99 _ ¢ 9%
J{Wg gv w}dv—i{v/dn gdn}ds

[ Radiation condition for

unbounded problem
j{ { S(r- rG)——zg} { f(rs>——2w}}d =0

w(ror )__Ig(r ) (e )dV Integral solution to Helmholtz equation
S'IR/ T "R LS)

3-D Forward Scattering

1 1 ———[1+a(r)] Y=Y tV¥s
v c(r)?
| \ l [VZ +%} v, (rrs, o) = f(rr)
r
True Velocity
velocity Perturbation e
Background {Vz +—V(r)2 } y(rrs, )= f(rrg)
velocity

Exercise: Derive the following Helmholtz-like equation for ¢/

|:V2 V(z) }//s( rrs,0)= |: (2) 0{(1')}//, (r,rs, @)

Page 32 of 68
Ursenbach




Solution

Using the two Helmholtz equation on the previous slide,
substitute for v(r) and ¢ and then subtract

{chg C(Z) a(r)}[l/ll(rr @)+ (rrs,0)] = f(r,rg)

{|:V2 C( 2) :|l//| (r Is, @ ): f(l’,l’s)}

2

c(r)®

N {V2+ » @ a(r)}ws(r ry,®) = {

c(r)? C(r) Of(r)}m (r,rs, )

Effective source

3-D Forward Scattering

2

c(r)®

5 a)Z 2
{V +C(r) o) a(r)}/fs(r Is, ) = {

a(r)}/ﬁ (r,rs, @)

Exercise: Using 1) the result above, 2) the Green’ s function for the

background velocity model and 3) Green’ s theorem, derive the
following modeling formulafor /g

(r,rg, w)dr

Vs ()

Page 33 of 68
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Solution

2

{V o) }g(r I, @) =6(r - 1) [Vz oy }//S(r rg, )= [ R

a(r)} y, (rrs, @)

d
I{WSV g-gViystadv = I{wsa—g (;[;S}ds,

vanishes by
radiation condition
o(r)
c(r)’
Born approxi mation

V(e T, @) = & J 9(r, 1, @)W, (116, @) + 5 (1,15, ) Jdr

Vs(lals, @) = wI L 91t @)y, (1 T )

c(r)’

Kirchhoff Modeling Formula

e The Born approximation is used to derive a
modeling formula from which the inversion
formulais derived

* We may wish to test the inversion formula
with modeled data, but must use a different
model

» The Kirchhoff modeling formula can be
used for this purpose

Page 34 of 68
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Kirchhoff Modeling Formula

» Employing Green’ s theorem and the Kirchhoff
approximation

0 0

one can derive the Kirchhoff modeling formula

I(¥,9)
on

V/s(rR’rs’w):JR dS/
S

cf. Margrave
notes, p. 27, 28

3-D nomenclature
1-D:v(n)=v(2)

planar source — no spreading l l l l
“15-D:v(n)=v(2

point source — spherical spreading &
2-D: v(r) = v(x,2) y

~
linear source — cylindrical spreading M

“2.5"-D: v(r) = v(X,2)
point source — spherical spreading &

Page 35 of 68
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Overview

Fundamental concepts

Normal-incidence Forward Scattering in 3-D
Normal-incidence Inverse Scattering in 3-D +—
Kirchhoff Migration

Inverse Scattering Cases

In 1-D, only one lateral source/ receiver position is possible

In 3-D, there are surface coverage issues
How much of the surface is covered with receivers? (geophysics)

What is the support of y(x,y,0)? (mathematics)

Case4: 15D, c(r)=cy, a(r)=a(2); r¢=rg=(0,0,0)

- every zero-offset trace is identical (except for noise)

- replication — infinite coverage

- differsfrom 1-D in spherical spreading

Case5: 3-D, c(r)=cy o(r); rg=rg=Xg Ys0)

- coverage is now an inescapable issue

- first assume infinite covdrage atddf(@) = 1
Ursenbach




Case 4 modeling formula

exp(ior /c,) exp(ior / c,)

4xr

c(r) = ¢ g(r,w) = v, (r,0) = f ()

Ws(Xg =Tpg, I'g =Trs, @) = @ j o )g(r Iy, 0) y, (r,rg,w) dr
\

Ir=[r—rgg|

Ips = (XRS 1 Yrs? 0)

Ws(Xeagr Ve @) = f (@)@ I éoz) e><p((421|;);2/c0)

Exercise: 1) Convert r to cylindrical coordinates. 2)
Integrate over 6. 3) Integrate by parts (Note: or / dp=p/r)

and retain leading term in high frequency approximation.

VO Vs ) = 1 (0) 1 | ”g)exp(zwz/co)dz

Spherical spreading

Solution

jdza(z)jdejd w, r=Jp*+ 2

= f(w)

(

exp(2| rlc,)
r—z’

exp(2|wz/co)]2nl( COZ) (Im(w) = 0)

IOK()

~ f( ) . exp(2iwz/ c,) dz (high-frequency approximation)

00

Page 37 of 68
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Case 4 inversion formula

.[a()

00

Forward modeli ng Ws(Xass Yrss @) = f (a)) exp(2iwz/ c,)dz

Exercise: Derive the
inversion formula

Inversion formula

10
x_

8z ¢ .
Reflectlvrty formula B(2) = C_Z J f (a))l//S(XRS7 Yrs: o) exp(-2i wZ/Co)dw

exp(—2iwz/ c,)dw

(2) =162T f (w)WS(i);'jS’ )

Solution

w a2 .
167ch. . expli(2w/ c,)z] dz

00

Ws(Xrss Yrsr @) = T (@)

k

f((()) Idz a(z) exp[l(Zw/CO)Z] l//S(XRS Yrss w)

167c, z iw

i j dkexp(-ike) () j dz' 22 expii 2w/ c,) 2] = j [ YO Vs @) o ik
@

{ a(;)l&lmoz Idkf(w)exp[ k(z-2)]=-" j"’S(XRSI—aj’RS)exp[ “iolc,)7 d(20/c)
Jdz a(?) - CoED)=o L2 _“Mexp(—zm)z/co)dw
0 z lw

aB(Z) 1 st(XRs 1 YRrs: )

exp(—2iwz/ c,)d
z 16 iw p(-2wz/ )

The subscript B denotes band- Ilmlted versions of ¢(z-z2) and a (2).
Page 38 of 68
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Case 5 inversion formula

2iar |
Forward modeling | ¥s(%, Yo, @) = @ Ja(r) expiar /)

z>0 CO (47rr)

Po = (X5, ¥o)
Inversion formula k= (k. k)
87 . ¢ 7.k . r . i
() =% [ dpg [ i [ ck, —2 exp{2i[x (p—po) ~k, 2} ct t9'5(py, 1) explicn) | 1+
—oo —oo —oo 0
— Y’ ——
deltafunction? [ = % 22 high
f N frequency
Lo approx.
2¢,

oo

) =25 [ o o e K nptaic o) -2 v, o) exption)

—oo

Case 5 and Stolt’s 3-D migration

Bw) =22 [ dp, [ ik [ dk, 2 explilic-(p—po) ~k, 21} [ ot 194 (3, Yo, ) explicn)
o s O (4 0

dk, - dw
Integrate by partsin w

,b’(r)—— j dp, j dk j dw—{jdw (%: Yo t)exp(nax) exp{2i[x - (p—p,) -k, 2]}

Stolt’s 3-D migration formula:

S

w(X,Y,Z,0) = (2ﬂ)-3’2jdpdejdw B(P,Q, ®) exp[i (PX + QY — 2wZ / ¢)]

Stolt, R. H., 1978, Geophysi csat#, #8048 equations 62-67
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Case 5 with Stationary phase

4¢? ¢

pr)=—2 jdpo j dk j dk, exp{2i[K~(p—po)—kzz]}Tdt ¥ (%, Yo.t) expliat)

dk, — dw

v

Br) =% [ dp, | e [ drexpl2ilx (o po) ~k, 21}t 095, v, D explicn)
T L 0

Stationary phase approx. to jdx

v

B(r )——_[ o [ J doiwexp(- 2|a)r/co)jdt t¥(p,.t) exp(iat)

G .
=vIP—po F+2*

Asymptotic Approximations (A >> 1)

Laplace’s Method

For real /(x), with max at x,, then /' (x) = (xy) + Y2 f(xo)(x—x,)?

Ty j‘f h(x) exp[Af (x)]dx \
= exp[Af (.\‘D)]Iexp[ﬁ. F(x Xx—x,)° / 2]dx / \

::::XP[/”J (g ]I_ exp[Af "(xy)(v—xp)" / 2]dv J { \I'n

= h(xy) expLAf ()], |——2

A1f (%)) Jee LNA\
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Asymptotic Approximations (4 >> 1)

Steepest Descent or Saddle-point method

|(1)= [, h(2) expl Ag(2)]dz

9(2) = f(x) 9(2) =if (x)
Laplace’' s Method Stationary-phase approximation
|(4) = [, nGY explA 1 (x)]ax 1(2)= |09 expl) A f (]
21
~h Af ——
(%) exp[A £ (%))] AT04)

exp[Af(X)] / '\
,. III,' \

| / \

Stationary-Phase

One-dimensional M ulti-dimensional

(1) = jAB h(x) exp[i A f (x)]dx 1(4) =] h(x)expli Af (X)]d®><@
- ; 2 ~ h(x,) expli Af (x, (2r) _GD)
=hx)expli A1 OOl e Col et AT T | Tmga

| = [ cheexp{2i[x- (p—po) —k, A}
= | d(kn,) [ d(knm,) exp{2ik[n-(p—p,) - 7,21}

—1 [ dn, |, exp{2ik{n- (p—po) — 7,7}

Page 41 of 68
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Case 5 and Stationary phase

B =2 [ do, | di [ dorexp{2ilx- (o —po) —k, 21}t 095, Yo ) explicn)

Stationary phase approx. to [ dk

3-D:  p(r) ‘j d"Ojdm@exp( 2|wr/c)jdttly (po.t) exp(iat)

Voo
\/42 | :13/2 [ dooimlexp(-2iar I c,)[ dt t¥(po.t) explicet)
7y |- 0

—oco

2.5-D: p(r)=

Case 5 and Kirchhoff Migration

Stationary phase resullt:

B(r )—— dpojdwla)exp( 2|a)r/c)jdtt‘{' (P, t) expliat)
76

—oco

Int. by parts (w); high freq. apprx.; FT

By =22 [ Lo [ doiwep(-2iar ¢y, (po o)
xct o

—oo

Schneider’ s Kirchhoff migration formula: cf. Margrave notes, p. 21

U(x,y,0,R/C)

U(x,Y,20)= ———”d X dy -

Page 42 of 68
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Overview

Fundamental concepts

Normal-incidence Forward Scattering in 3-D
Normal-incidence Inverse Scattering in 3-D
Kirchhoff Migration +——

Kirchhoff Migration

_ 8z dp,
plr) = et

[ doiwexp(-2iar I )y (p, @)

rearrange

v

_ 8 T4, 2T o -
O j dp, I do exp(-2iar | &) [io (g, 0)]

[ v J \ v J
cose kernal of  FT of time
FT-1for derivative
t=2r/c, of ¥

2r
==

8 7 d
ple) = [ dpycost {5‘1’5 (po,t)}

cf. Yilmaz, 2001, equation 4.5 _AX

cosé
(Wil = Vil ) Page 43 )?%S_ZZX:[ v, T pL)* Fi)”}
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Kirchhotf Migration

ir

il

g = T
Br)= FS{, dp, cos 6 [5 W pn,f)}

* Suppose that retlector 1s a sigle pomt

Se=ia ¢ = g ! S Gy e e
« Assume 1t 1s at r = r, and sum ‘¥ (p,. t = 2r/ ¢,) over all recervers

2,

1
20D

r= \/(xo —x,) + (¥, —¥p) o

I'p

5@ L@ S 5@
o Sum over SO o ,
. F 3
hyperbolic | )
path through

’ - t
¥ (py 1

N

-

Modeled and Migrated Structures

Point
scatterer

VR

Hyperbolic
moveout
or
diffraction
ERN event

Flat Dipping

-eflector eflector Anticline Syncline Hemi-
et rereetor sphere

T~ =<

Flat event Dipping Broadened Cusps and Data point
event feature multiple
Page 44 of 68 retlections
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Synthetic Seismic Data

1T JERHSHBAIN T [T A T
H ML T T ‘\ SRR XN B [l
10 9 8 7 6 5 4 3 2 ! n . .
vV, = 2000 * Vv, = 1000
1
V3 = 3000 "
” 2
Vv, = 4000
*
3
Vg = 5000 . z
Vg = 6000 M
v, = 7000 x
Vg = 8000 -
-7
be

J. Bancroft, 2006, A Practical Understanding of Pre- and Poststack Migrations

Synthetic Seismic Data
I nversion by Kirchhoff I\/I |grat| on

Page 45 of 68
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Real Seismic Data

Inversion by Kirchhoff Migration

J. Bancroft, 2006, A Practical Understanding of Pre- and Poststack Migrations

Real Seilsmic Data
Inversion by Depth Migration

Page 46 of 68
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Summary

General 3-D modeling formulas developed in
similar fashion to 1-D (Helmholtz equations,
Green'’ s theorem, Born approximation)

Kirchhoff modeling formulaintroduced
2.5 D based on 3-D wave equation

Homogeneous background velocity suggests
obtaining inversion formulas by FT-

Trickier because of spreading factor 1/r
Results comparable to Stolt’s 3-D migration
Stationary phase apprx. — Kirchhoff migration

Page 47 of 68
Ursenbach




Kirchhoff Scattering Inversion:
I11. General Recording Geometries

Chuck Ursenbach, CREWES
Seismic Imaging Summer School
University of Calgary
August 9, 2006

The Laws of Saeismic Inversion

1. Youcanonly invert aswell asyou can
model

2. Youcan't ever invert quite aswell asyou
can model

3. Theidea inversion would involve
complete coverage, full bandwidth,
Infinite SNR, and infinite computing time

(sung to the tune of “The

Page 48 l,awys of Thermodynamics)
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Overview

Inversion Formulas for General Geometries «——
Beylkin Determinant

Ray Theory and its Uses

Comments on Kirchhoff methods

3-D perturbation and linearization

Ys(rg.rs, 0) =@ I o(r)’ g(r’rR7a))[l//I (r, 15, @) + 5 (r, x5, @) dr

Born approximation /

Ys(rg,rs, @) = a)J. () g(r,rg, @)y, (r,rs, w)dr

v, (r,rs, @) = F(0)g(r,rg, @)

WK BJ approximation to Green’ s function

- high frequency , slowly-varying c(2) g ®(r, 1y, @) = A(r,r,) explior(r,r.)]

v

W (rg,rs,0) =@ F(a))j o) A]%gé g{éAér%g o) explio(7(r,ry) +7(rs,r))ldr

Ursenbach




|nversion Formula

o(r)
c(r)?

Ar,rg) Alrg, r) explio(7(r, 1) + 7(rg,r) )]dr

Ws(rg 1, @) = &°F (w)J.
\Y \ J 1§ J
Y Y

= a(r,rgry) = (rrgry)

Strategy: assume inversion relation with unknown inverse transform

o(r) = J: dw Id{rR,rS} T7H(r, 1, 1g) W (g, 1s, @) EXpl—i 0 (r, 1, 1)

6 variables?

Source and Recelver Variables

Common shot gather Common offset gather
rg (fixed)
rg(&thy,&thy)
& &1 & 1 &
rr(£1:6))

re(&hL6y)
Page 50 of 68
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From Modeling to Inversion

ar)=|_do | S:ET-l(r,f)ws(rR(f),rs(f),w>exp[—iw¢(r,rR(5),rs(cf)>]

2 variables!

Or, more compactly,

ar) =] do [d*¢T(r,&)ys(€ o) expl-iop(r,&)]

Substitute modeling formulafor ygin the expression above to obtain

Bandlimited o(r) = j t(r',r)e(r")dr' | From this ascertain T-
deltafunction | 4

Exercise: Determine expression for t(r’,r).

Solution

Substitute
Vilrurs,) =0 F (o) %a(r.rwrs) expli wg(r, 1y, )l
into
a(r) = do [d*ET(r,&)ys(& o) expl-iog(r,g)]
to obtain

o(r")

c(r)?
= J.a(r') {J.i dw o*F (a))j dzf T(r, )

o(r)=]_dw [d% Tl(r,a){wZF(w) [=Falrer) exp[iw¢(rnrR,rs)ldr'}exp[—iw(r,a)]

1
c(r")

s a(r', g, rs) expliwg(r', ry, rs) ] exp[—iwg(r, @)]} dr'

from which we write

) = 6,01 = [ do [0 T(r,8) 07F (0) ) explion(9(r', )~ 9(r, )]
Page 51 of 68 ¢(I')
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Zero-phase — Main Contribution

Formal defiition:s(r-r) = — 5  d' explik(r' -}
From previous dlide (without band-limiting F(w)):

S(r-r") = j dw j d (( )g) io(p(r',8) - o(r,&))]

—
, Maximum contribution
r-r for phase=0
a(r',g) _ a(r,g) io(P(r',8)—4(r,8)) =iV, 4(r",€) |._,+(r'~r)
C(l")z C(r)Z \ v J
3 (k1 ,.k.) Has wavenumber
jd units — =k
(@,&,4,)

Exercise: Derive expression for T ~(r,£) and thus obtain an inversion relation.

Solution

*k exp[ik+(r'-r)] may be written as
1 d2 8(k1 ks)
27[) '[ ¢

d(@ 51 S2)
Compare thisto

1
or-r =
(r-r) (27[3

expliaV o(r' &) | +(r'—r)]

o(r-r")=
(

S-r)=| " do [d% T80’ a‘( f)exp[uw(cb(r &-0(r.5))]

to obtain

T a8 1 kK)o L) 1Ak k)]
A e ~ e lwes)| L T ard ) el )|
Substitute:

ar) =] do [d*¢ T (r,&) s (& o) expl-iog(r,8)]

1 a(k, K, .
)= [ do - 1d 6%%1 (kgﬁg z)lws(é 0) expl-io9(r,2)]




Overview

Inversion Formulas for General Geometries
Beylkin Determinant «——

Ray Theory and its Uses

Comments on Kirchhoff methods

Beylkin Determinant

a(r) =

1 = 1 o, cr)? |9k, ky k)| .
d d i) - 1
PR B Rt oy [ R Rl

k= a)vr¢(r1 5)

99 9 9
x oy V,0(r,8)
Wokok) | 30 2 | Lo »
Awél) |“oe “oppe “ome | aéglVrcb(r,é‘)_w h(r, &)
. 82¢ X 82¢ ‘ az¢ iv

%50 e “apz|  |ag e

N

The Beylkin determinant is defined as 1/w ? times the

Jacobian of the transformation from wavenumber space to
(w, &, &) Page 53 of 68
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|nversion Formula

The determinant h must be non-zero for some range
of (&, &) for each desired value of r to be imaged.

alr) = [ f%[ do expl-iwg(r, O (rs, Ty )
x|V, ¢(r,&)
cf. (k) 1 ( for 1D]
4 20 C(l‘) N
CO v

O L (XS I .
p) =5 5[d% GOV ICE] [~ do expl-iwp(r, Olys(rs, 1, @)

Defining a new reflectivity function

S R
V.9, &)
= |Vr1'(r, 1'S)|2 + |Vrr(r, 1'R)|2 +2V, 7(r,rg)sV, 7(r,ry)
1 1 200520 (2c0s6)
c(r)® co(r)® c(r)? c(r)
S——
20 Thus c(r)? |qu>(r,§‘)|2 =4cos’6 (=4 for normal incidence)

I P [ (XS]
) =2 d DIV D] [ do expl-imp(r, E)]ys (x5, 1o, @)

_ 1 2 |h(r;§)| ~[" —i
B =5 [d% DIV I g)pj_mdw expl-iop(r, &)y (rs, 1o, @)
Page 54 of 68
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Determining Rg(Gpecyiar), COSE.

Specular
o

4
(9specular
Using Kirchhoff-approximate data:

6

IBPEAK (l‘) R(r specular) Coscspecular J. dw F(a))
(r) COSO,..y

1 -_— RB(r specular) 2%

B0~ R Opia) o d0F (@)

Notation for Beylkin Determinant

V¢)(r &) PstPg po+p
a S R
(&) = |2V 06,8 = [ 2P PR) Ly v | (oo ) (ve + va) X (We + )]
84‘1 N I
Ipstpg)|
Iy
ACUG N :

Note: pg |l (veXWs)

ad 19(peeps) 10(1c(r)?
Proof: pervs =parg = (aszf S)ZE (aaf -
1 1 1
So pg Lvg and pgLwyg

Vo XW
Hence: pge(vgxwg)= iM

c(r)
Pre(vs stﬁ?geﬁ@mggcosze




Beylkin Determinant for common-shot

Ps*Pr
A(pstpe)_|° "
S TR/ Vi zps'(VRXWR)+pR'(VRXWR)
dg
Wr
9(Ps +Pr)
¢,
1+ cos26
== | Ve Xwe|
c(r)
2
_izcos Hl XW, |
c(r)
=42005° O pge(Vy XWg)
=+2c0s’ @ hy(r,&)

|nversion formulafor common-shot

o

(r) 2
8r® J. %

cosé@) hy(r,

5 91 J':da)ia)exp[—iwqb(r,f)]ws(rS’rR, o)

p(r) =

B0 = [ N doiwepl-iootr, Olvs(e, .0

Page 56 of 68
Ursenbach




Beylkin Determinant for zero-offset

Ps+Pr 2ps P
S
I(Ps+Pr)| _|,9Ps| _g v |=8ny(r,&) =8h(r, &)
&, G| |y
I(ps+pe)| |p9Ps|
852 aé:z

Inversion formulafor zero-offset

— ! wexp[_iw¢(r’§)]WS(rserya))

Bir)= %’ Jare PO doivel-ioor Oy (e )

No new information

Page 57 of 68
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|nversion formulafor zero-offset

a0 =52 [N doiweqt-ioote vt 0)

c(r) - ¢,

(51152) = (XSR’ ySRrO)

Br) = :—;jd%% [ doivexpl-2ior /¢y, (E o)

Compare to result in lecture 2

Beylkin Determinant
Jacobian of transformation between surface measurements
and subsurface image
Replaces surface coordinates with dip angles
Maps area on surface to area on unit sphere around image
point
May be specialized to various shot/receiver configurations
Correctsfor irregularity of illumination and/or acquisition
True-amplitude migration weights (Jaramillo et al., 2000)

Product of kernals for asymptotically inverse operators
(Beylkin, 1985)

Must be invertible for inverse of Kirchhoff modeling
operator to exist

Plays a key role in Kirchhoff data mapping

Page 58 of 68
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Overview

Beylkin Determinant

Ray Theory and its UseS «——
Comments on Kirchhoff methods

Inversion Formulas for General Geometries

Ray Theory

Helmholtz Equation

+ WKBJ Approximation —
= Eikonal Equation

+ Transport Equation

+ higher-order equations

Page 59 of 68
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v(r)*

} (r-ry,w)=06(r-r,)

y(r,0) = Alr, ) explioz(r)]

> |V T(l‘)|

()

2VAV 7+ AV?r =0




Traveltime calculations

1
c(r)?

Eikonal Equation ~ [IVz()" =

» Can use the method of characteristics to obtain equal-
traveltime surfaces, given atraveltime of zero at the source.

» Gradients normal to these surfaces give rise to paths through
the system which are solutions of ODEs. These purely
mathematical entities are known as raypaths.

» Three variables (r) become two parametersto label the
raypath (e.g., ¢ or p,,p, a the source) and one variable to

track progress along the ray (variable of the ODE).

Traveltime Calculations

0 100 200 300 400

T ] ] =T T

50 / L

1505

200

Increases monotonically with time

- 500 w .
0 100 200 300 400 (3 100 200 300 400 500
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Amplitude Calculations
72/1_; '

Transport Equation |2VAVz+AV*r=0

A x (2VAV 7+ AV?7=0) 'B

— V+(AV7)=0 (conservation of energy)

[ avVve(AVz)=| dS(AVz)n=0

A
n
= j 99$—j Entry surface + J Exit surface %
% N '
o
02
Amplitude Calculations
N
[ ds(AVz)i=0 %o
oD ar
pP= VrT = %
= [ds, (Ap)-h, - [ds (A%p)n,
2 or 2 or
= Id%dyz A(o,) 3@ 707,) - _Jd%dyz A(o,) @ 7 75) e
= [dydy, [A(az)z?@/,wg(al)]=o
Ray Jacobian "
o ﬁz

§/)
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Amplitude Calculations

A(O-z)z J (0-2) - A(O-l)z J (0-1) =0

o) — A(O-S)( ;)(oo)

0o

A(op) issingular —
obtain A(oy)? J(op)
using limits from
homogeneous

Green'sfunction

Uses of Ray Theory

* Given 7(r) and A(r) we can construct the
WK BJ approximation to the Green’s
function for use in the inversion formula

 J(r) used to calculate A(r) can also be used
to approximate the Beylkin determinant
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Relating Beylkin and Ray Jacobians

Beylkin Determinant Ray Jacobian
1 ok or
h(r,&) == J(r, &) =
"= 5088 S ICYA
& 31
N
g
& g7
.

h,(r,&)J.(r,&) = function of ray and surface parametrizations

Overview

Inversion Formulas for General Geometries
Beylkin Determinant

Ray Theory and its Uses

Comments on Kirchhoff methods «——
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Kirchhoff Inversion as a weighted sum

P PRSI
- Lo MRy
2 a(r.?)

l 5. | /’I(l‘,%) | c(r)l
N — d E ’
87’ Z - a(r.§)

[ do expliog(r.&)y,(&.0)

Y (& 7(r.og )+ 7(r.1))

W (& 7(r.ry) +7(r.1))

Common-shot survey Sum over surface in (&, #)

= -4

WI Sl T T

Z

o L

Extensions of Kirchhoff Migration

Elastic wave
—BothPP( . Yand PS( >~ )
Anisotropy (VTI, TTI, others)

— Traveltimes in homogeneous background no
longer hyperbolic

Multi-arrival
— More accurate Green' s functions
Variable density

— Not just velocity @89% 68
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Alternatives to Kirchhoff Migration

e Beam migration
— Studies wave behavior along ray trgectory
» Wave-equation (or finite-difference) migration

— Propagates waves back down to reflector using
one-way wave equation

* Reverse-time migration
— Uses full two-way wave equation

Judging Kirchhoff

» Flexibility: good at o Only useful when
imaging irregularly high frequency
sampled data; any assumptionisvalid
output grid « Suffersin presence of

o Computationally strong lateral velocity
efficient — only variations
common choice for « Migration smiles

3D prestack migration « Limited by quality of

Green’s function

» Velocity smoothing

Page 65 of 68trade-Oﬁcs

Ursenbach




Synthetic Seismic Data

Forward Modéeli ng

oy Raytrau ng

TR
UEEAS

X
10 9 8 7 § 5 4 3 2 1 0.
-
= 2000 * Vv, = 1000
1
v, = 3000 "
- |2
Vv, = 4000
*
3
Vg = 5000 o 2
Vg = 6000 x
= X
Vv, = 7000
Vg = 8000 x
-7
o

J. Bancroft, 2006, A Practical Understanding of Pre- and Poststack Migrations

Smiles and Frowns in Kirchhoff Migration
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Comparing Migration Methods
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Approximate Green’ s functions
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Approximate Green’ s function

Snapshots of
wavefield
propagation
through
Marmousi
model.

D. Bevc,
Ph.D. Thesis,
Stanford, 1995

Used with
permission
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Summary

» One canderivea3-D inversion formulafor arbitrary
recording geometries in which the influence of the geometry
IS contained in a Jacobian factor

» Thisfactor (the Beylkin determinant) has asimplified form
for certain geometries, e.g., common-source and zero-offset.

» Defining an additional reflectivity function allows onein
principle to extract angle dependent reflectivity information.

» Dynamic raytracing (i.e., traveltimes and amplitudes) can be
used to create approximate Green’ s functions and Beylkin
determinants for arbitrary velocity models.

» The strength of the Kirchhoff method isin its speed and
flexibility. Greater accuracy would require improved
Green’ s functions.
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