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3D Seismic Data Volume 3D V()lume

Xl =

-amplitude variation
along reflectors indicates
=> change in impedance contrast

=> rock and fluid propertiesage 3 of 121

Margrave (WesternGeco)




P-P (1C) Simultaneous P-P and P-S
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Marmousi Model
Industry Standard Test

Velocity
5500

5000

4500

4000

meters

3500

3000

2500

2000

1500

(1] 2000 4000 6000 8000
meters

Environmental Difficulties
1) Complex, layered environments  4) Large scale (many wavelengths)
2) Multidimensional environments  5) Strongly inhomogeneous environments

3) Inhomogeneous background 6) Focusing and defocusing regimes

meters

Marmousi Movie
Finite Difference Simulation

! ! ! :ff- ) !
1000 3000 5000 7000 9000
meters
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Marmousi Data

/2]
o
o
215
Q
wn
2
2.5
3500 4000 4500 5000 5500
Meters

Marmousi Data

240 shots
96 receivers/shot
726 samples/receiver
8 bytes/samples

Dataset size= 240*96*726*8 ~ 134 Mbytes

Real datasets have 1000’s of
shots, 1000’s of receivers/shot,
Wuh s and 1000’s of samples/receiver.

Heters
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The Basic Seismic Experiment

T L A S VL AL e, S
3%

AN

A hydrocarbon target.
A regular array of detectors (1-C or 3-C).
A seismic source.
The target scatters energy to all receivers.
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Typlcal Land Sampllng Lattlces

Survey Geometry
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Wave and Helmholtz Equations

There are many variations on the scalar wave equation but

the canonical form is

s
prry

U (X, Xg,t) = Ol scalar wave equation

If the wavefield obeys the wave equation, then its

temporal Fourier transform
Waveﬁeld

xxw f\I/xxt edw  W(x,xg,t)= f¢XXW )e“tdw

Spectrum

Forward Fourier Transform Inverse Fourier Transform

obeys the Helmholtz equation
W
v (x)

v2 4 P(X, Xes éQeZS % I;Ig%mholtz equation

Margrave




Exercise: The Helmholtz equation (')

Consider the time-domain scalar wave equation
. Ao

vZ(x) a2
Express the wavefield as the inverse Fourier transform of it’s
temporal frequency spectrum as

W e it f¢ X, Xs,w)e“'dw. (2)

Wl = O )

Show that equation (1) is then equivalent to

Y(X,Xs,w)=0. (3)

v (x)

This is the source-free Helmholtz equation.

The Helmholtz equation (')

solution

Substitution of equation (2) into (1) requires calculating the
second time derivative

ST\II( 4 —21 gtzf¢xx w)e“'dw

f (X, Xg,w ('“’t) _—f (%, Xg,w)(iw)” e“tdw
zzi R(—wz)w(x,xs,w)ei“’tdw.

i

The spatial derivatives are not simplified in this case so
equation (1) becomes

5,
o

2
2 ;" l¢(x,xs,w)
; ’ Ig)a(g 9 of 121

Margrave

e“’dw = 0. (4)




The Helmholtz equation (')

solution

ol
2w JR

2 .
V2 + ;’( ; e“ldw=0. (4)
V(X

Y (X, Xg,w)

This says that the inverse Fourier transform of the term in
square brackets must vanish. The completeness of the Fourier
transform means that the only way this can happen is if the
term in square brackets must also vanish. That is, the zero
signal has a zero spectrum and vice-versa. So we conclude

2
v

\/2—(x) P(X,Xg,w) = 0.

Example of a
Typical Imaging Theory
Kirchhoff Migration

*Assume a physics model: Balance simplicity and
realism, define a small unknown perturbation of the
model..

*Solve the forward scattering problem: Linearize the
Lippman-Schwinger equation.

Invert the forward scattering integral for the
perturbation: integration over sources and receivers.

Page 10 of 121
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Forward Scattering (3D)

¢(X, Xs,w> = —F (Cd)é(X r XS) HelthltZ
problem

Radiation condition,

: { [8@0 fw
lim |r +—1 : . j
v outgoing waves at infinity

r—oo| |Or

]—O,r_|x|

1 . .
= (x) = = (x) <1+a(x)) Perturbation assumption

supp(a)=Q, QCz>0 Perturbation has compact support

Forward Scattering (3D)

Recording plane. /

Assume unbounded medium (i.e. recording plane is
transparent).

Page 11 of 121
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Exercise: Radiation Condition (')

Consider the two monochromatic waves defined by

er - leiwr/v = \I/+ _ leiw(t'”/v)’
r r

w, i le—iwr/v e o leiw(t—r/v)
r r

Identify the direction of travel of each wave (as t increases,
does r increase or decrease?). Which wave satisfies the
radiation condition (consider V to be constant)
I
e [x|2
v

ar

lim [r

e

Radiation Condition <'>

solution

We can determine the direction a wave moves by tracking
a front of constant phase. Consider

phase(V, )=w(t+r/v)
Suppose this phase evaluates to a constant, g, at time t, and

radius r,. Then at a later time, t,, and a different radius, r,,
then the wave front must satisfy

O=w(t,+r/v)=w(t,+1,/V)

from which we deduce

Since we chose t,> t,, then it follows that r,<r, and so this

wave moves in the direction of decreasing radius.
Page 12 of 121
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Radiation Condition (')

solution

After a similar analysis for the other wave we have the
directions

1 : : e
v, = A incoming from infinity
r

| : T
e ¢ i outgoing to infinity
r

By direct calculation of the partial derivatives we have

i

—w:—['“ ]zp :>11m[ ¢ ]

or \Y r—oo

8¢+ [Iw ] 77b+ iw Iw iwr /v
sl e = li — = 0
or el Vs E or e v Vs Y, =

Warning: the form of the frequency domain radiation condition
depends upon the Fourier transform sign convention chosen. Why?

Forward Scattering (3D)

Incident and
Y(XXgw) =1 (X, Xg,w)+ g (X, X, w) reflected (scattered)
fields

Incident field solves the background problem

"L (%) = —F (0)5(x=%,)

¢ (x)

Vo

Page 13 of 121
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Forward Scattering (3D)

It results that the reflected field satisfies a
perturbed Helmholtz equation

2
w

—i—(:z—()()

2
w

i (%

(X)) (X, X, w)

Yg (X, Xg,w) =—

Note the appearance of the total field on the
right. This is exact, no approximations.

Given measurements of the reflected field and
knowledge of the background medium, we wish
to solve for the perturbation o (X)

Exercise: Derive the perturbed
Helmholtz equation

Given:
V2+V2w—(x>¢(x,xs,w):—F(w)5(x—xs) (1)
v2+0§”—<zx> W (XX, w) = —F (0)8(x—%,) (2)

P (X, Xg,w) =1 (X, Xg,w)+ 95 (X, Xg,w) (3)
Show that:

2 2
N e o
¢*(x) ¢ (x)

In the wavefield expressions, X, is a constant and the

Laplacian operates onl'}ala(%ﬁagr(grggm

o (X) (X, Xs,w)

Ps (X Xg,w) = —




The perturbed Helmholtz equation (')

Solution

Substitute (3) into (1)

(9 (%X, w) + 15 (X, Xg,w)) =

2
w

AT Ys (X, Xg,w) = —F (w)8 (X —X,)

v

Yy (X, Xg,w)+

Subtract equation (2) from this

2
w

v(x)

Yo W (% Xg,w) +

The perturbed Helmholtz equation (')

Solution -2-

Recall the definition of the perturbation

1 1 Gl e :a(X)
7 ()

Tt e

Use this in equation (4) and rearrange

2 2

\V/ +02—<X)(1+a(x)) Y (x,xs,w):—cz—()()a(x)q/), (X, Xg,w)
v +c2—(x) Vs (X’Xs’w):_cz—(x)o‘(x)wl (%, X, w)+ 3 (X, Xg,w))

Since the last term on the right is the total field, this is the

. Page 15 of 121
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Solution Strategy

 Convert the perturbed Helmholtz equation to an
integral equation using Green’s theorem.

* Try to invert the integral equation and solve for
the perturbation.

Green’s Theorem

Green’s Theorem for the Laplacian

fD[avzb—bVZa]dx:J;D

Where “a@” and “b” are arbitrary scalar fields.
This can be derived from a generalization of the
fundamental theorem of calculus to 3D.

ob oa
af raly
on on

do

Page 16 of 121
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Exercise: A Simple Green’s Theorem (')

The following equation 1s a simple manifestation of
Green’s theorem in 1D. a and b are ordinary
functions of X and [X;,X,] is an interval on the real

line.
Xy
t[ a
X

1

db . dal™
el
dx dx

g2 2
d’b_, d%a

Uk
it e

X|

This can be derived by an application of integration
by parts. See if you can do it before reading the
solution on the next few slides.

A Simple Green’s Theorem (')

Solution

Recall the formula for : e

i : 2 Xy D
integration by parts for two fx udv = uv\x1 = fx vdu
functions U and Vv: : !

’ i
Use this to evaluate: f : a—zdx =2
X| dx
2

Let u=a and dv:%dx

dx

2 Xy
Then it follows that [ aﬂ dx = a@ L %@dx (1)
v d dxf,  Jx dx dx
%/_J %/—/

vdu term
uv term

Page 17 of 121
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A Simple Green’s Theorem (')

Solution -2-
L8 d%a dal> pxdadb
‘mi b a4 ——dx (2
Similarly we can find fx oy dxl, —Jx dx dx (2)

Then, subtracting result (2) from (1) gives the desired solution:
f
X

This derivation is exactly analogous to what is required to
derive Green’s theorem in 3D. So we see that the theorem is

simply a result of integral calculus and is a useful tool in
physical problems although it has not “physics” itself.

do . dal®
a——b—
dx dx

2 2
b d

e —
e ol

X|

Solution Strategy

Green’s Theorem for the Laplacian

Math{fD[gvzws —¢szg]dx:faD g%—ws%da
( - 2 w2 w2
Vv +C2 ) Vs (x,xs,w)——c2 (X>a(x)¢(x,xs,w)
Physics{
2
k _szrc;}(x) g(x,xg,w):—é(x—xg)

Page 18 of 121
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Forward Scattering
Lippman-Schwinger Equation

The surface integrals vanish due to the unbounded
medium assumption and the radiation condition. One
part of the volume integral collapses to the scattered

field with the result

3 a(x)
>0 o2 (X)

(08 (ngxsaw):w w(x,xs,w)g(xg,x,w)dx

A Lippmann-Schwinger equation for the scattered
field. Note the presence of the total field in the
integral.

Forward Scattering
Born Approximation

We approximate the total field with the incident field

(X, X, w) 2 (X, Xs,w), [ths (%, Xs,w)| << |ahy (%, %5, w)

Vs (Xg ,Xs,w) ol T :;<())((>> Y (X, Xg,w) g (Xg ,X,w)dX

The first-order Born approximation to the Lippmann-
Schwinger scattering equation.

Page 19 of 121
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Forward Scattering
Born Approximation

Fig. 5.2 The incident, scattered and total potential fields.

Taken from: Lecture Notes on the Mathematics of Acoustics, M.C.M. Wright
(ed.), Imperial College Press, 2005

Inverse Born Scattering

Source Gather
Usually more approximations are required to invert linearized
Lippmann-Schwinger equation.. For example, if we assume the
geometry of a source gather, a constant background velocity, and
approximate the incident field with a Green’s function, then an
approximate formula is

a(x)_ﬁfAdfldfz I C(2)SH J:)oodwlbs (gl’gzjw)eiw@sﬂg)/c

mC I’g

20 /"9
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Inverse Born Scattering

Source Gather
Dissecting the equation:

a 4X3f dede, I cosﬁf deri 51,52, ) |w(rs+rg)/c

" ( - ) iwry /¢ The scattered data downward continued to
o the image point by phase shift.

1
[l o it /c] Green’s function model of the incident

I field.
cosf : :
5 A collection of geometric factors.
r
g

Exercise: Time shift by phase shift (')

How do you time shift a signal in the frequency domain?

Consider a signal g(t) with Fourier transform given by

:ng(t)e‘i”tdt

Show that the Fourier transform of g(t+7) is

A lwr
g(t+7) & 4 (w)e
¥ Fourier Pair S ;
time domain Fourier domain
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Time shift by phase shift (v)

solution
Denote the time shifted signal by U (t) =0 (t A )

Then (w)= [ u(tje™dt= [ g(t+r)e ™ dt

0(w) = [ a(xe Tdx—e [ g(x)e™Mdx

finally 0(w)=e“"¢(w)

This is one of the most important properties of the Fourier
transform. You can move things around by phase shifting the
spectrum. Warning: The sign of the phase shift depends on the
sign of the time shift AND on the Fourier transform convention.
So you will almost always get it wrong the first time.

Inverse Born Scattering
Kirchhoff Mapping

Reflectivity
model space

Data space for one
source gather

The summation along the hyperbolic surface is done by
a phase shift that flattens the surface and then a sum over

- - Page 22 of 121
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Inverse Born Scattering

Major Points

» Many assumptions required to get here.

* The perturbation at depth 1s estimated directly from an
integration of the surface data. This integration requires
phases and weights which must be estimated from
raytracing.

« Ultimately, this does note quite work because of the
frequency bandwidth of seismic data.

Inverse Born Scattering

Seismic Frequency Band

* Typical: 10-100 Hz, missing both high and low
frequencies.

Page 23 of 121
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Inverse Born Scattering

Source Gather, Reflectivity Estimator

o 2X4
e JA

I, cosf oo,
d§1d§25r—2f0 iwdws.g (§,6,,w)e

g

iw(rs+1g )/

6(x)

A similar integral as before but the linear frequency
weighting means that the missing low frequencies are
downweighted.

These methods are known as
Kirchhoff Migration methods.

Kirchhoff Approach Summary

* Inverse scattering approach
 Ray theoretical assumptions made (high frequency)
* Stable ray tracing required

« Computationally simple but weights are subject to
assumptions and are generally different from one
application to the next

* Only a small subset of the seismic wavefield is
captured in this approach

Page 24 of 121
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Meters

Marmousi Velocity Model

500~

1000~

30
%%00 3000 4000 5000 6000 7000 8000 9001
Meters

Marmousi Wavefronts

finite difference simulation

Albertin, Yingst, and Jaramillo, Comparing ... Maslov, Gaussian Beam,

and Coherent%ﬁa%ﬁrgéegi%ﬁs, SEG, 2001




Marmousi Wavefronts

Kirchhoff (raytracing) simulation

Albertin, Yingst, and Jaramillo, Comparing ... Maslov, Gaussian Beam,
and Coherent State Migrations, SEG, 2001

Wavefield Extrapolation Methods

* Move away from the ray-theoretic inverse
scattering approach towards a more complete
simulation of wave propagation.

* In theory, these methods move toward wave
propagation as a path integral along all possible
paths rather than the few select, ray theoretical,
paths.

Page 26 of 121
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Seismic Imaging Paradigm

A common seismic imaging methodology is derivable from
first-order inverse Born scattering

\Ijrefl (Xntinc> - R<X)\Ijinc (Xatinc>

Wine <X’tinc) reflector
\Ijrefl (Xatinc> .
= = R(X) A reflectivity estimate.
‘Ijinc (Xotinc> ( ) Y

Seismic Imaging Paradigm

Seismic imaging typically is done in the frequency domain
and uses depth steps not time steps, so a more common
imaging condition is:

R(X y AZ>:Z¢I’ef|(X9 y,Z:AZ,W)
= w winc(xayaz:Azaw>
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Seismic Imaging Paradigm

So for each depth, we must calculate two fields:

The reflected field comes from
¢reﬂ (Xa y,NAZ,w ) mathematically marching the recorded
data down into the earth.

The incident field comes from a
Vine (Xa y,nAzZ, W) mathematical model of the source
wavefield that is also marched down.

In both cases, the wavefield marching is done through a
“background” velocity field that is presumed known.

Wavefield Extrapolator
The Phase Shift Extrapolator

Given ¢ (X,z=0,w)=1,(X,w)

Z
V = constant velocity Az
Find ¢ (XAzw)
> W
Assume |V +V—2 DX Ligied)

Page 28 of 121
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Wavefield Extrapolator
The Phase Shift Extrapolator

¥ (x,Az,w) f ke, 0,0) W (K Ky, Az) e~ dk,

A (ky w) phase shift operator

exp(iAz1/|<2 —kf),kz > k2
exp(—AZ«/kf —kz),kz <k

k2_w_2
-

W (k,k,,Az,w)=

While valid only for constant velocity, this is still the
“canonical form™ to which all other methods aspire.

Wavefield Extrapolator
In the space-frequency domain

Since multiplication in the wavenumber domain is a
convolution in the space domain, the phase-shift
expression is equivalent to

¥(X,Az,w) f zp X’ Ow) (k,x—x,Az)dx’

waveﬁeld in (x,w) Wavefield extrapolator
in (X,w) domain

where

W (k,x— X', Az) = W (k, k., Az)e™ Dk
W — [ (

X ) X
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Wavefield Extrapolator

as abstract operator
We often find it convenient to hide most of the details in

an abstract wavefield extrapolation operator
W(X,Az,w)= f ¥ (x,0,w)W (k,x — x’, Az)dx’

For two steps we write

(& <X’ ZAZ’("}) = L\N(ZAZ) o LVV(Az)w (X’ O’w)
Where ° symbolizes the composition of the operators which
just means their sequential application. For N steps we

WIte (%, NAZ w) = Ly(naz)* L(aaz) © Luaz ¥ (%.0.0)

N
7 H I‘W(nAz)w <X’ 0, w)
n=1

Exercise: Derive the phase shift ('>
extrapolation expression '

In 2D the Helmholtz equation is

[82 9 W2
st =t

ez =0
e L017 N ¢( w)

Define the spatially Fourier transformed wavefield
. i,
w(kx,z,w):wa(x,z,w)e' Xdx

In a similar fashion to the derivation of the Helmholtz equation
we find that

82 9 ~
a—@b(k z w)z— %kf]¢(kxazﬁw>
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Exercise: Derive the phase shift (
extrapolation expression

® —md

)

2

It is customary to define W AE LG gt
v
g 25
So we must solve F@b(kx, z,w)=—k;v(k,,z,w) (1)
z

This equation is actually an ODE and has the general solution

&(kx,z,w) — A(kx,w)eikzz . B(kx,w)e_ikZZ (2)

B e
where we define k, explicitly K,

by equation (3) and by \ we =l sl
mean the positive square root. we

3)

r
k —V—2

® ——ml

Exercise: Derive the phase shift <
extrapolation expression

In equation (2), the functions A and B are arbitrary functions
of the Fourier coordinates and must be determined by the
prescribed boundary conditions. This is actually a problem
since we have two arbitrary functions and only one boundary
condition, namely:

() (X, Z,w) =" (X,w) = a known function

)

Lacking a second boundary condition, we proceed with a
simplifying assumption. We assume that the given wavefield
contains waves moving only upward (in the —z direction). Using
reasoning similar to that made in discussing the radiation
condition, we can show that A represents the strength of upgoing
waves and B represents downgoing waves. So we take

Ak, w) =ty (Q%gé’%)] o#1d B(ky,w)=0

Margrave




Exercise: Derive the phase shift (
extrapolation expression

® —md

)

So we have our final solution

D (Kyes Z,w) =Ky, 0,w)e"

This works for any value of z if velocity remains constant but
we are interested in the specific value z=Az. So write:

W (Ky 2,w) = P (Kgr 0,0 )W (K, Ky AZ)

where we define exp(iAZw/kz —k? ),k2 ok
the wavefield (k, e

extrapolation exp(—Akaf ot 7 ),k2 e
operator in the

Fourier domain as lo C\‘I)—z

Exercise: Transform the phase-shift (y)
operator to the space-frequency domain*

The phase-shift wavetfield extrapolator 1S
(%.2,w) f b (k W (k,ky, Az)e "*dk,
To proceed, substitute ¢(kx,2,w :f (X, 2,w)e"*dx

eadc) — f

J (K 2,w)eax W (k. k,, Az)e ™%k,

Now interchange the order of integration

@D(X,Z,w):leb(X’,Z w fW K, ky,Az)e arli X)dk dx’

where we have been careful to construct the inner integral

as an inverse Fourier tralgsgé)g@zoo\fqrquatial coordinates.
Margrave




Exercise: Transform the phase-shift (,)
operator to the space-frequency domairn

Now, introduce a new symbol for the inverse Fourier
transform of the phase-shift operator (take its hat off) ...

¢(x,z,w):ngb(x’,z,w)W(k,x—x’,Az)dx’
where we have defined

o i L ~ —iky (x—x)
W (k,x—x',Az)= 27TL/;R{W(k,kx,Az)e dk,
So, in the space-frequency domain, wavefield extrapolation

is a spatial convolution. Later we will see how to adapt this
expression to variable velocity.

Wavefield Extrapolator Imaging
“wave equation migration”of shot records

First Step
synthetic source record recorded data
——— r -
Vinc (X, 09W> Vrefl <X> O>w>
Y NV Y NNV V.

Yine (AZ> = L\/\_/(Az)ﬁiv (e (AZ) - L\N(Az)wrefl (0)
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Wavefield Extrapolator Imaging
“wave equation migration” of shot records
Second Step

synthetic source record recorded data
e N @ N
Vinc (X, O,W> Vretl <X707w>

3020 VY NV YNV V.

winc (AZ> ¢ref| (AZ)
winc (2AZ) = LvV(2A2>¢inc (AZ> wreﬂ (2AZ) - L\N(zAz)wreﬂ (AZ)
gy
R(2A7) %: oo (257)

Wavefield Extrapolator Imaging
“wave equation migration” of shot records
Any Step

wreﬂ <X7 Ly AZ,w) = L\N(Z+Az)wrefl (X, Zﬂ”)
L (naz) °* Lw(2az) © Lw(az) Yren (X.0,w)
Lig(naz) ©* Livoas) © L (az)Pine (%, 0,w)

wrefl (X, N AZ,W)

Yine (X, NAZ,w)

77brefl <X’Z>w>
R — 0,Az,2Az,...NA
(x,2) % for - 200,07 257 z}

We can obtain such a reflectivity estimate for each depth

and for each source position.
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Simulation in 3D

Survey Geometry

Receiver interval 10 meters and receiver line spacing 10 meters.

PP Data at z=0, 60 Hz

Loc 1: Data f=60Hz z=0 x10 b Loc 2: Data f=60Hz z=0 x 10-7

L 10
10 o5
200 :
9.8 9
9.6 400 8.5
8
o 600
0 200 400 600

Loc 3: Data f=60Hz z=0 x10 d Loc 4: Data f=60Hz z=0
10 10
9.5 200 9.5
9
8.5
600

Horizontal reﬂec#oﬁ,g%ﬂ)d m depth with R=0.1

-7
x 10




PP Data at z=500, 60 Hz

a Loc 1: Data f=60Hz z=r - 10-5 b Loc 2: Data f=60Hz z=r
0
3

200 200

400 400

600 600 ‘ “
400 600

0 200 400 600 0 200

C Loc 3: Data f=60Hz z=r 6 d o Loc 4: Data f=60Hz z=r 10-5
25
200 2
I: 15
400 1
0.5
6000 200 400 600

Source at z=500, 10 Hz

a Loc 1: Shot f=10Hz z=r 10-5 b Loc 2: Shot f=10Hz z=r )510
1.9 1.8
1.8 1.6
1.7 1.4
1.6 1.2
C Loc 3: Shot f=10Hz z=r 5 d Loc 4: Shot f=10Hz z=r 10

0 ¥

. 200 )
] 1.6

400
) 1.4
600 1.2
400 200
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PP Reflectivity at 60 Hz

a Loc 1: Refl 1=60Hz z=r b Loc 2: Refl f=60Hz z=r

0 o
200 )
400 '
600,

Loc 3: Refl f=60Hz z=r d Loc 4: Refl f=60Hz z=r

o

200

400

600
0 200

Wavefield Extrapolator Imaging
Compositing the individual shot records
Now we expand the notation to denote each individual
source with an index. In principle, each source can

provide a reflectivity estimate at each subsurface
position “beneath” the survey.

3o

R(x,z)
So each the reflectivity estimates from each source have
an angle dependency.

Page 37 of 121
Margrave




Wavefield Extrapolator Imaging
Compositing the individual shot records

Let the reflectivity
: ), CpiEy
estimate from the R, (X, Z) 4 Z Ve ( cfxj ,w)
kt source be s (X, Nz w)

It is common to form a stacked reflectivity image (or migrated
section) by summing the estimates from each source.

stk ZRk X Z

The ensemble of reflectivity estlmates at a given X, considered as a
function of k and z, is called a common image gather (CIG).

Ry (X, Z) = CIG at position X.

Wavefield Extrapolator Imaging
Compositing the individual shot records
The stacked reflectivity image is

H I‘W nAz) 2preﬂ (X Xk907w>
Rl X2 Y B ZZHW

nAz wlnc X, Xk’O w)

A natural question to ask is could we somehow move the stacking
operator all the way to the right thereby compositing the data
before all of the wave-equation stuff. This would save a lot of
computational cost. To make life simpler, lets define

H Ly (nag) Pret (X, X, 0,w)

R =
k (X:Z) Omlg(x Z,% wrefl Z H |_W nAz) ¢|nc X , X, 0, LU)
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Wavefield Extrapolator Imaging
Compositing the individual shot records
The stacked reflectivity image is

Rstk (Xa Z) - Zomig(x,z,xk)wrefl (Xk)
k

So, is it possible that

Rstk Zom|g X7 Xk 77breﬂ Xk m|g x z Zwrefl Xk

The answer to this is NO!, but it turns out that, with a great
deal of effort we can do something like

Rstk (X’ Z) = Zomig(x,z,xk)wrefl (Xk>

~ Or/mg(x z);onmo(x,t,xk)¢refl (Xk)

Wavefield Extrapolator Imaging
Compositing the individual shot records

So there is the possibility of a number of different
imaging operators:

O = Migration operator (pre-stack)

mig(X,z,Xy )

@ (x.2) = Migration operator (post-stack)

mig

Onmo(x,t,xk)
There 1s much more to this story than can be told here.
The important thing is that O';, and O, are the
common choice today but too much is lost in the
approximation. O, is the obvious choice for the future,

but a great deal of work and research remains.
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Kirchhoff versus WEM

%\\ 7 7
\ I 777 \

\ / /

SC ,.4
e -

Kirchhoff traces Snell rays to ~ Wavefield Extrapolation

each point in the image. Migration uses mathematical
operators to march entire
wavefields to the image point.

Both methods are first-order Born approximations to the
inverse scattering problem.

Final Points

Seismic Images are routinely produced but there
are many outstanding problems.

The Kirchhoff method is derivable from Born
scattering theory and is limited by ray theory.

The wavefield extrapolation method seems like a
way forward but is computationally challenging and
it is not clear what the limitations are.

Both methods are first-order Born approximations.

Determination of the background velocity model is
a major concern.

No one knows anything about convergence.
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Introduction to
Phase Space Concepts
in Seismic Imaging

Seismic Imaging Summer School
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Fourier Transforms
Stationary Fourier Methods
Phase Space
Pseudodifferential Operators
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Part 1

Fourier Transforms

Fourier Transform

Forward
—jut
Forward transform w(X Z= f \I/ YL —aldn t) et gt
time—frequency
— (x,z=0, w)
Forward transform |k .
space—wavenumber w k z—=0 f w X oz x> dx

Forward 2D transform over time and space

Pk z=0,w)= [, 0(x,2=0,t)e"™" ) didx

= \fi(kx, 7= O,w)
The use of a different sign convention for the space and
time transforms is intentional. This is called the

"symplectic" form of th%aﬁ@fg;gfgl?rénsform.




Fourier Transform
Inverse

Inverse transform over wavenumber and frequency

/s (K, 2=0,0)e ™ dk do

WX 2200 77
T

Physical interpretation:
Basis vectors or fundamental waves,
apparent velocity w/k,.

" Amplitudes and phases of the
Qp(kX’ 2= w) fundamental waves

ei(wt—kxx)

Synthetic First Break Event

0.5

Seconds
—h

1.5-

1 1 1 1 1 1 1
0 500 1000 1500 2000 2500 3000 3500
Meters
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Seismic Shot Record

Gained and clipped

[7/] “'--..__l"--. e,
bt . :'--_-_ C "-\.:.: . _‘ — =
S i — ~
m ' mbb—"'\l---b_
N, \ o
--::j:.!" -:_:\:.‘q—:\:-}ﬁ..\____
ot o Eh
e cm— R R e
« . -::; :_'--—\_-_-' _-'..\:_\-:\.-
500 1000 . 1500 2000 2500 3000 3500
Meters
Fourier Transform
synthetic data
(x,t) (ky,w)
20}
0.5+
40!
g N
51 T 60
9 £
o
80/
" \IJ<X,T_> | 100- ’(ﬂ(kx,u))‘
L 120; ! A .
20 500 1000 1500 2000 2500 3000 3500 -0.025 -0.02 -0.015 -0.01 -0.005 0 0.005 0.01 0015 0.02
Meters meters”

0 1(KyX—wt
blkew)= [, (x1)e " dxat
opposing signs Pegxponierzt (symplectic)
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Fourier Transform
synthetic data

(x1) VLG

20/

0.5-
401

60!

Seconds
Hertz

80}

1.5}
100r

120;

0 500 1000 1500 2000 2500 3000 3500 -0.025 -0.02 -0.015 -0.01 -0.005 0 0.005 0.01 0.015 0.02
Meters meters”?

DKy, w) = fRZ v (x,t)e_i<kxx+°"t> dxdt

same signs in exponent

|
Exercise: 2D Transform of a linear event ()

Model an ideal linear event using the Dirac Delta distribution:
T (x,t)=6(px—t+c) p,ceRr
where the Delta distribution has the "sifting" property
f (ug)= f&(u —Uy) f (u)du for any f that we care about.
R

Show that the 2D (symplectic) Fourier transform of (x,t) is
QL(kX,w) =28 (k, — pcu)ei“’C

use this to explain the preference stated in lecture for the
symplectic Fourier transform. For P € [0,1] make a sketch

showing where several typical events lie in both domains.
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Exercise: 2D Transform of a linear event (')
solution

We wish to calculate

~

Y (ky,w)= fRZ S(px—t+ c)ei(kxx_“’t> dtdx

We can use the sifting property of the Delta function to
collapse either the t or the x integral. We choose t:

fRZ 5( pX —t + C>ei(kxx_wt) dtdx — fRZ ei(kxx—w( px+c))j =

t becomes px-+c

— e fRZ (P gy — 26 (K, —wp)el®

The last step is not obvious and is explained on the
next slide.

Exercise: 2D Transform of a linear event (')
solution

Using the sifting property of the Dirac distribution, we
calculate its Fourier transform

74 iky X _ AlkyXg
fRé(x g€ X dx = £

Therefore, by the inverse Fourier transform, we must
have

O LW ey T R,

§(x XO)_ZWfRe e dkx_zw N dk,
So we see that a complex exponential, whose phase is
linear in the integration variable, yields a Dirac
distribution when integrated over the real line. Applying
this result gives the last step on the previous slide.
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Exercise

So we have the Fourier correspondence:
§(px—t4c) & 27m8(k, — pw)e

Important points

« All events with the same slope (p-value) in (x,t) have the
same amplitude spectrum in (k,,w).

* The slope of an event in (x,t) and the corresponding event
in (k,,w) are inversely related.

» The value of p can be calculated directly from the ratio of
k, to w in Fourier space.

Fourier Transform

synthetic data
: (x.1) : ke, )
N 2t
05 '
: 40
3
E to
] z
0
80,
15
100-
a : 120-
0 500 1000 1500 2000 2500 3000 3500 0.025 -0.02 -0015 -0.01 -0.005 0 0005 0.01 0015 002
Meters meters”

Blk)= [, W (10 et
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Fourier Transform
synthetic data

: (x,1) ﬂ (ks w)

\ 2

0
0.5-
0
&
2 ¥ s
2 £
[
80~
1.5:
100-
9l : 120+
0 500 1000 1500 2000 2500 3000 3500 -0.025 -0.02 -0.015 -0.01 -0.005 0 0.005 0.01 0.015 0.2
WMeters meters”!

772 (kX ) (.U) v RZ \Ij (X!t)ei(kXX_Wt) dth

Fourier Transform
real data

3 (x.t)

AN
v ot i 0t
. :
N N
A | 2 o
§ B .
"\ -~ 80
o 1N
’ R\ P, 100-
f \
i) 1200
500 1000 1500 2000 2500 3000 3500 -0.0%5 0.02 -0.015 -0.01 -0.005 0 0005 001 0015 0.02
Meters meters™!

Bk = [, (0o g
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Fourier Transform Pairs

Fourier Transform Pairs

- (x,t) : K, w
.

Qoswwww 0 00 e 008 M
o

| .
age 49 of 124
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Fourier Transform Pairs

X, K, w

Fourier Transform Pairs

Ky, w
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Part 2

Stationary Fourier Methods

Stationary Filters

A 1D stationary filter operation can be written

s(t)= [w(t—7)r(r)dr= (C,r)(t)

abstract operator

explicitvintegral
which is a convolution integral. In Seismology, for
example, this is a prescription for generating a 1D
synthetic seismogram when r(t) is called the reflectivity
time series and w(t) is the source waveform or wavelet.
The term stationary refers to the fact that w(t) appears in
the integral dependent only upon the difference between
input and output time. While this translation independence
leads to beautiful mathematics, it fails to model a lot of

physics. Page 51 of 121
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Fourier Multipliers
Why we like stationarity

Every stationary convolution operator has a corresponding
Fourier multiplier:

s(t)=(C,r)(t)= (F_leFr)(t)

or more simply o L7 My "Convolution
w w Theorem"
where:

M_b=ab
W= Fw

F = the Fourier transform

Fourier Multipliers

Inverse Operators
A Fourier multiplier has a simple inverse, if

iy
s=F "MgFr
then
r=F M__,Fs
w
provided that ‘VAV‘ =0

F'M_ . Fs=F"'M_,FF " MiFr=F*M_ MgFr=r
1

1
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Fourier Multipliers
Inverse Operators

If W=0 somewhere in its domain, or is very small, then a
common practice is to seek an approximate inverse such as

then
r~F My, Fs
where 1
N, = , 0,1
" W+ f1Sup (W) ke (0.d)

Fourier Multipliers
Square Root Operators
A Fourier multiplier has a square root operator. That is, if

s=F 'MgFr

then MJW is the square root multiplier in the sense that
-1 £ ) oy
F I\/IMFF MMF_F MMMMF_F M F

Generally this will require taking the square root of a
complex-valued function so care must be taken to select
the correct square-root branches.
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Fourier Multipliers
Solution of PDE'’s

9°F |1 9> 9% | The constant-velocity wave
022 V2 ot2  oxP equation rearranged.
3 WA P /80" - oy
022 42|V o2 OX2 fRZW‘X’Z’”)e U
M
a \IJ i(wt—Kk, X
822 A’ fo‘z (kgow)(Ky Z,w)e o5 g dw

RZ

(k w) = g2 _w_z Fourier multiplier or symbol
3 v2  for the second z derivative.

Fourier Multipliers
Solution of PDE'’s

Now, we can deduce two alternative expressions for the
first z derivative, as square root multipliers

[82] f 0 (ke,w) B(Ky, 2,00)e" ) di da
2 2
+isign(w) & ot w—zzkf

ozli(kx,w):i./ozz(kx,w) = A 4

2 2

2 2 W

—y/ X e Ko,
| \' VvV

These are examples of one-way wave equations. They are

exact for v=constant and represent independent solutions to
the full wave equation. However, this approach fails if v is not
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Exercise: Fourier Multipliers (')
Solution of PDE'’s

Show that solutions to either of these one-way wave
equations are also solutions to the two-way wave equation.

+
1] =F'M  F,0"
Z <t

Let ¢t satisfy

Aoply e fret 212 |—[rm Rl e

derivative twice 9z| 0z PN (7
2+

=F,'M . FF M FUT =F "M, FU" = 8;’2
Z

The two-way equation

Operators and One-Way Wave Equations

wz 0°
_|__
v ox?

82¢

572 ©  The Helmholtz Operator
Z

fa2 Pk zw)e ™ dk, = FM, Fy

%r_/
_ abstract operator notation
The Helmholtz Operator reallzed as a Fourier Multiplier

w? The Fourier multiplier

2 oroperator "symbol".

az(kx,w)zkf A
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Operators and One-Way Wave Equations

Operator names:
The Square Root

o @ w® 9% | . Helmholtz Operator or
0z v2 g NG v one-way wave equation
(frequency domain)
V.

e g W (kx’w)&i(kx’z’w>eiikxxdkx: F_lMawa

R S .
abstract operator notation

Square Root Helmholtz Operator as Fourier Multiplier

2 2
+isign (w) ke, <

W -
af(kx,w):j:,/ozz(kx,w):< ] ; .

w
e R e
Y

w
=K

One-Way Wave Equations

:l: E
agz = f o £ Ky Z,w) e dk,

The Square Root Helmholtz Operator realized as a Fourier Multiplier
Solution: ™ (x,z,w) f A (k 17 g X g
where A* (k,,w)=1"(k,z=0,w) (boundary condition)

* Works in 2D or 3D
* Nonlocal operator (Two-way wave equation is local)
 Exact for homogeneous medium

 Not obvious what t@ade ferovaziable velocity
Margrave




|
Exercise: One Way Wave Equation <)

Show that ¢ (x,z,w) f A (k e "* dk,

(where A is arbitrary) solves the one-way wave equations
on the previous slides. Then show that the + sign
corresponds to waves traveling in the -z direction and the -
sign gives waves traveling in the +z direction.

What happens with this approach when v depends on x?

Exercise: One Way Wave Equation (')
solution

: i_i = ;7 o—ik,X
We wish to show that ¢ _27rfRA C8 gile e dlcet (1)

Is a solution to

+ A .
0% L [ )i 2o ok (2)
R

The z partial derivative of equation (1) is easy:

L %fR AE (K, w)e ? g7k dkx] f A" (k

0z
1

~2r e

alz

,|k X dk

it AE (K, w)e Te e dk,  (3)
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Exercise: One Way Wave Equation (')
solution

Now, since equation (1) is an inverse Fourier transform, it
follows that

0 (Ke,2,w) = AT (K, w)e?
So that equation (3) reduces to

9
0z

1

2

otz i 1 ~ .
fRA<€X,w)e X de}:EfRO‘li@bi(kx,Z,w)e KX i,

which is equation (2).

Exercise: One Way Wave Equation <|>
solution
To determine the direction of travel of the solutions of
equation (1) we write the corresponding time-domain solution
) oz i(wt—k.x
\yi(x,z,t):EfRAi(kx,w)e 17 it gy dw  (4)

2 2

Now let sign (w), | —kZ, > K?
ik = 0 (K w) = k* =] 4 ! (5)

2 2
- w W
ki = k>
\ v v

‘;[/i(X,Z,t):%fRAi<kx,W)eikzizei(WtkXX)dkxdw (6)

And equation (4) is
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Exercise: One Way Wave Equation (')
solution

From equation (5) it is obvious that
2

k,” >0,and k, <0, when w—zzkf and w>0
v

Equation (6) expresses the wavefield as a superposition

of basis waves whose phase is given by
0(x2,t, ke, w)=wt—kx+k; z

We track a wavefront, as a surface of constant phase, by

equating the phase at (t,,z) to that at (t,,z+5z) by

w(t, —ty)

ks

wh F Kz = wt, +kzi<z+6zi):>6zi =

y 627 <0= ¥ is upgoing
i >0,t, >t We have . :
So, taking w o™ 6z~ >0= T is downgoing

One Way Wave Equation

A Convenient Solution

¢i<X,Z,w):%fR¢i(kx,ZZO,w)eikziz a—ikex dk,

o |Esign(w)k2—KZ, K2>K i

ik =y (ke w)=>k; = K2

ifk2—K2, K2>K2 Vv

This is a very convenient and accurate method of wavefield
extrapolation, but what can we do if velocity varies?
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Problem

* We need wavefield analysis and filtering
methods that adapt rapidly to spatial and
temporal variations in the wavefield but still
retain high fidelity.

» Raytracing offers rapid adaptation but poor
fildelity.

» Fourier methods give high fidelity but poor
spatial adaptivity.

Part 3

Phase Space
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Local Fourier Transforms

: (x.t) : (ks w)

\ 2-

oS

05- - -
E 40
£ :
P T 60
]
80-
15-
100-
a ! 120-
0 500 1000 1500 2000 2500 3000 3500 -0.025 -0.02 -0.015 -0.01 -0.005 0 0.005 0.01 0.015 0.02
WMeters meters”!

Apply a 2D Gaussian window in (x,t)

Local Fourier Transforms

: (x.t) 3, (ky, w)

20-

\ 7 40-

T 60

0.5

Seconds
Hertz

80~
100+

120+
0 500 1000 1500 2000 2500 3000 3500 -0.025 -0.02 -0.015 -0.01 -0.005 0 0.005 0.01 0015 0.02
Meters meters™!

Localization in one domain causes blurring in the other
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Local Fourier Transforms

: (xt) . (ke w)

20-

0.5 .
40

t 60

Seconds
Hertz

80~
100+

120

2I
0 500 1000 1500 2000 2500 3000 3500 -0.025 -0.02 -0.015 -0.01 -0.005 0 0,005 0.01 0.015 0.02
WMeters meters”!

A larger window causes less blurring but is, of course,
less local.

Local Fourier Transforms

: (x.t) ; (ky, w)

20+
0.5 i
~_ 40+

T 60

Seconds
Hertz

80~

100~

120-

0 500 1000 1500 2000 2500 3000 3500 -0.025 -0.02 -0.015 -0.01 -0.005 0 0.005 0.01 0015 0.02
Meters meters™!

An even smaller window causes extreme blurring.
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Local Fourier Transforms

(x.t) (ke )

0.5-
d0r

E e £ 60
s : I
]
80~
1.5
100+
12EII-
20 500 1000 1500 2000 2500 3000 3500 0.025 -0.02 -0.015 -0.01 -0.005 0 0.005 001 0015 0.02
WMeters meters”!
Localizing somewhere else shows us a different

spectrum.

Uncertainly Principle

Localization in (x,t) causes loss of detail in (k,,w). That is,
we cannot precisely define the (k,,w) values at a precise

(x,t) position. As Heisenberg showed in the context of
quantum mechanics, this implies:

(uncertainty in (x,t))(uncertainty in (k,,w)) 2 a constant

This is often stated as the time-width band-width theorem.

Question: Just what is meant by “uncertainty” in such a
statement?
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Time-width Band-width Theorem

Given any convenient measure of width, the time-width
and bandwidth of a signal are inversely proportional.

E= f‘s(x)‘z dx

X =| [ X[s(x)] ox|E? &= [£l3(e) de|E
R

R

b (Ag)f = $(¢) de|E™

[e-a)f

R

(A" =

f(x— Xp)" ‘s(x)‘z dx

R

AXAE > (47)

The equality holds only for a Gaussian signal.

Time-limited Band-limited Theorem

If a signal, not identically zero, is compactly supported
then its Fourier transform cannot be and vice-versa.

It follows that any finite length signal cannot be bandlimited.
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Correspondence

« Associated with a neighborhood of a point in
(x,t), there is a local Fourier spectrum. (Strictly
speaking this depends upon the details of the
localizing window.)

» Resolution in the local spectrum is directly
proportional to the size (radius) of the
neighborhood.

Phase Space

The phase space of a wavefield is the 8D manifold:

M :(x, y,z,t)x(kx,ky,kz,w)

Methods that have been devised to directly manipulate
a field on its phase space include:

» Ray tracing

» Pseudodifferential operators
» Gabor Multipliers

* Nonstationary filters

Page 65 of 121
Margrave




Part 4

Pseudodifferential
Operators

Helmholtz Operator
Variable Velocity

Construct the Helmholtz operator when v=v(x):

32¢ . A1 wz g 2 f i(k g u))e—ikxx dk
822 27 V(X)Z 8)(2 R o X
o ikeX Helmholtz
f Sty dig k Z N Operator
o, (kX,X,w) =k? — w? Helmholtz Symbol

v(x)z (a function on phase space)

Superficially the Helmholtz operator appears the same as before;
however, this integral is no longer an inverse Fourier transform but is
instead an example of a pseudodifferential operator, specifically of the

Kohn-Nirenberg (standard)sgleitgsof 121
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Pseudodifferential Operators

Kohn-Nirenbelrg standard form:
P » —ikyX ('R
gs(x)_nga(x,kx)h(kx)e dk, = (F./h)(x)

signal generalized spectrum
multiplier

Kohn-Nirenberg anti-standard form:

w:fRa(x,kx)weikxdeE(Fah)(kx)

spectrum generalized signal
multiplier

In general g, = g, although you should be able to find
an obvious case when they are equal.

Pseudodifferential Operators

Most of the time, we use the K-N standard form

0. (x):zi [ a(xk)h(k, e dk, = (FIR)(x)

/i

= (FLFh)(x) =T, h(x)

That is T. ww=® F F

(67

abstract form  Fourier integral
decomposition

So a standard pseudodifferential operator consists of
an ordinary forward Fourier transform followed by the
generalized multiplié’@-ﬁﬂi\‘%[aévb;%nsform.




)

Pseudodifferential Operators (

These operators extend the idea of Fourier multipliers to
the “nonstationary” setting.

Definition: The x dependence of the symbol will be called
its nonstationary dependence.

Definition: Al “stationary limit”lof a pseudodifferential
operator is any limiting form of the operator in which the
nonstationary dependence of the symbol becomes
constant.

Pseudodifferential Operators <|>

as generalizations of convolution
We have:

- | -1

Is'tgt‘ F, =F "M, The standard and anti-
standard operators have

limF, =M_F the same stationary limits

stat

- . The stationary limit is a
'JQ?TQ - CO‘s } convolution operator.

where lima = ag
stat
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|
Pseudodifferential Operators ()
Space-time Fourier
Domain I: Domain
Initial state >< ><
C@S§ M,
2
Fa FOC
| v
Final stat e
inal state >< = ><

The green lines are stationary paths to the final state while
the red lines are nonstationary. In general, the red paths
give a different result if the same symbol is used.

)

Spaces and Symbol Classes (
Usually pseudodifferential operators can be extended to
mappings:

T :§8'—8'
Symbols are classified by the order of their polynomial
growth at infinity:

Wesay « €S,

. (9'004 2 (m—p)/Z
if &(—p—o[[lﬂkx\ pENMEZ

X

Symbols are also classified b){ their growth in x.
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The Square-Root Helmholtz Operator

Back to the Helmholtz operator, in case of arbitrary v(x), we
might still hope that

8 S 1 .3
wz f:t\/ozz (kg %) 0 Ky, Z,00) ™ dk,

It turns out that this is still a useful approximate one-way
wave equation but its solutions are not exact solutions to
the two-way equation.

The Square-Root Helmholtz Operator

Let, o (K,,X,®) be the exact symbol of the square root
Helmholtz operator for upgoing waves

a f o (Kes X, ) P (Ky, Z,0)e 0 dk, =T, o)
Z 1

Then, the following composition equation must be satisfied

azw
That is, two appllcations of TOL1 must give T _, which is
known exactly. In a generalized sense we are asking for

the operator square root of a particular pseudodifferential

operator. Page 70 of 121
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Pseudodifferential Operators
Composition Theorem

Let T Tﬁ be two elliptic pseudodifferential operators with

(0%

suitably nice symbols. Then
TgoT, =T, QD NG SO =2 THeS -
where ~ has the asymptotic expansion
.08 0a  10°8 %«
f)/ ~ Oéﬁ — | —hy— > > cee
0€ OX 2 9¢° Ox

This expansion is the generalization of the convolution
theorem to the setting of pseudodifferential operators.

All of the higher order terms vanish in the stationary limit.

Pseudodifferential Operators
So, if we define o™ =./a, (and P —\/@)

Then Talha oTaihaw :T,yw

where

lha Iha
- 8@1 8041

|ha)2_i8041|m1 Day™ b 7
0§  Ox o0& Ox

7’“(041

Thus, only in the homogeneous (stationary) case is the
square-root symbol the exact symbol of the one-way wave
equation. However, it is still a very powerful approximation.

It is still possible to find an exact factorization in certain
cases (e.g. Fishman ...).
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Pseudodifferential Operators

A problem with attempting this factorization using
pseudodifferential operator theory is that the theory
assumes the relevant symbols are elliptic.

Definition: A pseudodifferential symbol is said to be
elliptic if there exists a constant C such that:

la(xk, )| >Clk,|, ¥x€R

w 2

Symbol @5 <kx’ X,(U) — k)% =7

v(x)

> Is not elliptic.

Wavefield Extrapolators

Recall the one-way wave equation
I A . Jha 4 ik, x
2 _Ef (Kys X )t Ky, 2, w0) e~ dk,

a1 (Ko X, w) = yfo (Kys X, w) = ik, (K X, w)

v(x) X v(x)

\/ v(x) v(x)
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Wavefield Extrapolators

We wish to solve the wavefield extrapolation problem:

5 given ¥(z=0)
7 \L 1 quard traveling wavefield
P N
, find ¥(z = Az)

0 1 A ik one-way equation
—w:— &{ha<kx,x,w>¢<kx,2,w>e 2y dky  for upward

0z 2w JR traveling waves.

Wavefield Extrapolators
The GPSPI formula

It turns out that pseudodifferential theory allows the following
approximation

b(%AZ,w)= fw )k AZ)3) (K, 0,w)e ek,

X

exp(iAz k?(x)—k

e X~

. K (x)2 K

W (k(x).k, Az) = exp - AzyflF I () ) K (x) <

k(x):ﬁX)

This is known as the GPSPI (generalized phase shift plus
interpolation) wavefield gg(éréaﬂjoémgq.
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|
Exercise: Derive The GPSPI formula ()

Use Taylor series to derive the GPSPI formula from the
approximate 1-way wave equation

9L [ ol (ko x,w) bk 2,) 6" dik,

07 2rJr
[ 2 2
[ el o e f )
O T
I

X

V()"

Carefully describe all approximations made.

Derive The GPSPI formula (')
Solution

Assume the starting depth is 0, and then write the wavefield
one step down as a formal Taylor series

(82)" 9%y
R e
z=0

(22 o
z=0 2 822

- W
P(Az)=19(0)+ Az ¥

z=0

which can be written symbolically as

2
i Btf ST
w(AZ)_djO —|—AZTal|ha¢0 +T allha [¢] a{ha¢o +
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Derive The GPSPI formula (I)

Solution
According to the composition theorem
(Tallha OTalIha )"/)0 ETWO

%,—/
n times

is a pseudodifferential operator whose symbol has a first
order approximation:  ~-~ (allha)

So, with an unknown error, we approximate the Taylor series

as s
(Azallha)

2

lha

1+ Azaf™ 4 + ... e M dlk,

w(o2)=o- [,

The series in brackets converges to the exponential function.
2

X
eXE 14+ K .7
2!

Derive The GPSPI formula (')

Solution f
Summing the series gives zb(Az):;fReAml'ha@Zoe‘”‘xxdk

or
»(X,Az,w)= fw ) ke AZ) (K, 0,w)e " dk,

> exp|iAz,/k?(x)— kf),k2 x) > k?
W (k(x),k,,Az) =

exp( Az [k? — 2(x)) )<k
w

k(x)_m

This is known as the GPSPI (generalized phase shift plus

interpolation) wavefield gxtrapolaior.
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Derive The GPSPI formula

Solution

The GPSPI extrapolator
(x,Az,w) f W (k(x),ky, Az)) (ky,0,w)e " dk,

1x1

Summary of approximations:

(1) of (Ky, X, w) a2 £yJa, (ky, X,w)  True only for homogeneous medium.

(2) o, ~of iny astymptotically valid even if the first derivative symbol
is exact.

(3) (07 (kX,X,w) is elliptic. A hidden assumption. Elliptic means bounded
away from zero and this is false.

(4) The Taylor series converges. It does in some specific cases but we
don’t know in general.

()

The GPSPI Extrapolator

The GPSPI extrapolator
¥(x Az,w) f W (k(x),ky, AZ) (K, ,0,0)e " *dk,

Things we know (or think we do):

(1) Any explicit finite difference method is an approximation to GPSPI.

(2) “Screen” methods are approximations to GPSPI.

(3) GPSPI produces very high quality seismic images but it is
computationally expensive.

(4) More accurate methods can be formulated simply as operators with

different symbols. Page 76 of 121

Margrave




Fishman's results

The exact one-way extrapolator, equivalently the one-way

wave equation, for arbitrary v(x) can also be written this way,
but the symbol becomes much more complicated.

¥(% Az,w) f et (%, Ky, A2) 3 Ky, 0,00) e~ dk,

The cascade of many such operators in a wavefield
marching scheme is a numerical computation of a Path
Integral. This means that energy propagates along all
possible paths not just the Snell paths.

To find the exact operator,

Fishman: Locally Homogeneous Approximation
3 block velocity function

Im(cy, ) = Re(k, ) = extrapolator phase

(™ -

X

e i s

RS S
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Fishman: Exact Operator Symbol
3 block velocity function

Im(c, ) = Re(k, ) = extrapolator phase

The Exact Operator Symbol

Is Frequency Dependent
3 block velocity, rotated view

‘Moderate
frequency

Low

5 Zero
frequency -
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Exercise (')

Schwartz Kernel of a Pseudodifferential Operator
; /L o ik,
given: S(X)—g£a<x’kx)r(kx)e dk,

show by formal manipulation (don’t worry about conversion
etc) that this is equivalent to

s(x):fA(x,x—y)r(y)dy A(x,x—y):%foz(x,kx)e_"‘x(x_y)dkX

The quantity A(x,x-y) is called the Schwartz kernel of the
pseudodifferential operator and the integral applying A is
called a singular integral operator.

Singular Integral form of a YDO (')

Given: LT 4

(07

then, with suitable circumstances, it follows that

s(x):(IAr)(s)zfA(x,x—y)r(y)dy

wherd\(X, X — y):Zifa(x,k)()e_ikX(X_y)dkx
7
R
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Pseudodifferential Operators

Space-time Fourier
Domain F Domain
Initial state >< ><
|, M.,
I
P> b

Final state >< = ><

Exercise

Schwartz Kernel of a Fourier Multiplier

Given:

s=F M _Fr a(k)R—R

show that the Schwartz kernal depends only on x-y
(translation invariance) and that the resulting singular
integral operator is just a convolution.
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Conclusions

Fourier transforms provide a powerful method for
stationary problems.

At every point in space-time, a localized Fourier
space, with understandable properties, is easily
defined.

The concept of phase space facilitates
nonstationary extensions of Fourier theory.

Pseudodifferential operators generalize the
concept of Fourier multipliers and convolutional
operators to the nonstationary setting. They are
generalized Fourier multipliers acting directly on

phase space.
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Phase Space Concepts
In Seismic Imaging

Part Il
Seismic Imaging Summer School e
PP Pacific Calgary, 2006 S ey
Institute N %

Gary F. Margrave

r “E;::smatical {}:_:E%
Sciences % EEIEE
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PSEUDNODIFFERENTIAL

DOPERATOR THEOQRY
. & SEISMIC IMAGING
riutacs

Outline

« A Pseudodifferential Operator
Imaging Method

« Separable Symbols and
The Gabor Transform

« A Gabor Imaging Method
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Part 1

A Pseudodifferential
Operator Imaging Method

Seismic Imaging Paradigm

A common seismic imaging methodology is derivable from
first-order inverse Born scattering

W (Xatinc> =R <X>\Ijinc (Xatinc >:><
Wine <X’tinc) reflector

= R(X) A reflectivity estimate.
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Seismic Imaging Paradigm

So for each depth, we must calculate two fields:

The reflected field comes from
¢ref| (Xa y,NAZ,w ) mathematically marching the recorded
data down into the earth.

The incident field comes from a
Yinc (Xa y,NAZ, W) mathematical model of the source
wavefield that is also marched down.

In both cases, the wavefield marching is done through a
“background” velocity field that is presumed known.

Wavefield Extrapolator

Locally homogeneous approximation (GPSPI)
A K-N form FIO

¥(% 2+ Az,w) f (Ko 2, (K (X), Kyo AZ) "k,

exp(iAz|fk () —kE ).k (x)> K

W (k(x),k,,Az) =
Symbol (phy5|cs) eXP( Lt 2(X)),k2 X) <Ky

While a highly accurate approximation, this form is
computa,i;'géggl‘lgf ¢hallenging.
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Wavefield Extrapolator
Imaging
Yren (% 2+ A2,w) = Ly |Yren (%, 2,0))
ren (% 2+ AZ,w) = Ly 2+ Ly © L(az) © Lv(o) | Fren (%0,0)

N 7
~—

Hundreds of operators
Yinc (X, Z+ ALW) - L\N(z) g L\N(zAz) - LVV(Az) . L\N(o) [¢inc (Xa Oaw)]

Vet (%, 2+ AZ,w)
Yine (X 2+ AZ,w)

R(X,y,z+Az)=>"

w

Possible routes to fast algorithms

» Approximate the operator using a compactly
supported Schwartz kernel.

* Find a separable approximation to the K-N
symbol (screen methods).

» Gabor methods (also separable).
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Wavefield Extrapolators

In the space-frequency domain

w(x,z,w):fRW (k(x),x=X,z)9(x',z=0,w)dX’

where the Schwartz kernel is given by

W (k(x),x—x,z) fW =) g

X

This can be an efficient algorithm if a suitably, compactly
supported, approximation to W can be found.

Wavefield Extrapolators

Consider the wavefield extrapolator in the wavenumber
domain for some fixed velocity, v.

7yvv =M (k(x) = kj ke A2)|, k=

J

w
Vv

0.8-
0.6
0.4fF
0.2¢

0
—kj wavenumber —l—kj
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Wavefield Extrapolators

In the space-frequency domain

0.7-
0.6
0.5

0.4

imaginary

E)
x10
2

2 1) = Wil dow function

0.1

o l
'—U“N/\W V |||l |||||| | |I| || |||[ || Il‘ |‘* ”l,-ﬁ..l
0.1 ’ [

2500 3000 1.8

0.3

2 3200 3400 3600 3800 4000 4200 4400 4600 4800

Wavefield Extrapolators

Back to the wavenumber domain

1.5

F(OW) :
\ /W
1 L 2
0.5 — eXact
) —— truncated 51 points
0 1
-0.05 0

wavenumber

Page 87 of 121
Margrave

0.05




Wavefield Extrapolators

Back to the wavenumber domain

1.5
1- i
0.5- — exact ; |
) | | — truncated 51 points |
R After 10 steps !
-00.05 0 0.05
wavenumber

Stabilization by Wiener Filter

Two useful properties

Product of two half-steps make a whole step.

Vi et TVl 2 2
W WK
The inverse is equal to the
conjugate in the wavelike region.
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Stabilization by Wiener Filter

A windowed forward operator for a half-step

Solve by least squares for WI,
W; (Az/2)eWI; = F~' \W; (Az/2)"

ey S 2

Stabilization by Wiener Filter

WI; is a band-limited inverse for W; (Az/2)
Both have compact support

Form the FOCI approximate operator by
Wi (Az) =WI1 oW, (Az/2) =W, (Az)

FOCI is an acronym for
Forward Operator with Conjugate Inverse.
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Spatial Resampling

(&)
c
jb)
]

I

|

I

I

I

I

|

i

]
(—ZAX)_l Wavenumber (ZAX)_I

W/ i min
i
. w2 _ 2
kZ . V2 (X) kX

Spatial Resampling

uenc

| |
=1 —1
(—2AX) Wavenumber (ZAX)
In red are the wavenumbers of a 7 point filter
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Spatial Resampling

1 1
2 c
| I
E c
1 1
c .
1 1
. 4 .
*
1 1
g c
1 1
? =
I 1
r :
1 1
. .

| ! ! 1 L
= =T =T —1
(—2Ax) " (—2AX') (2Ax") © (2Ax)
Downsampling for the lower frequencies
uses the filter more effectively

Spatial Resampling

= (2Ax)

Spatial resampling is done in frequency “chunks”.
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Math Depot Analogy

4 meters

Sine Wave Carrier

This?
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Sine Wave Carrier

(4

Or This?

Spatial Resampling

Specific Results for Marmousi

Partition frequencies Spatial sample size | Number of traces
(Hz) (m)

60—42 12.5 478
41.7-32.5 16 373
32.2—-25.4 20.7 289
25.1—-19.5 26.3 227
19.3—15.1 34.1 175
14.9—11.7 443 135
11.5—9.28 56.9 105
9.03—7.08 72 83
6.84—5.62 91.9 65
5.37—4.88 Page 93 of 1121 oL
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Spatial Resampling

VVHhOLn v anh

“ \-_-._/ v
96007 "\' f & 600
S — |
800~ - 800F
1000~ - 1000F
1200+ § 1200T

0 260 460 660 860 1060 1500 0 200 400 600 800 1000 1200

Meters Meters
Marmousi Velocity Model

0

500

1000
2
g 1500
=

2000~

2500

30900 3000 4000 5000 6000 7000 8000 900!
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FOCI Pre-Stack Migration

Shot 30

1000 2000 3000 4000 5000 6000 7000 8B000 9000
Meters

FOCI Pre-Stack Migration

Shot 30

2000 3000 4000 5000 6000 7000 8000 900(
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FOCI Pre-Stack Migration

Stack +50*Shot 30

000
2000 3000 4000 5000 6000 7000 8000 900(
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FOCI Pre-Stack Migration

51 Point Operator, 15 Hours on 1 PC

Gl e
o 4 P —m =
=

Meters
-—h
u
o
o

2000

25001

30 o T . .
%%00 3000 4000 5000 6000 7000 8000 900(
Meters

Marmousi Velocity Model

500~ .

30
%%00 3000 4000 5000 6000 7000 8000 9001
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Meters

Detall of Pre-Stack Migration

o 4 i 4 W _-_.,-“ i
L 29!%00 4500 5000 5500 6000 6500 700(
Meters

Meters

Marmousi Reflectivity Detall

200

400

600
800
1000
120
4000 4500 5000 5500 6000 6500 7001
Meters
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Improvements by Saleh Al-Saleh
Desired spectrum

Wavelike region

1,
Evanescent : Evanescent
%87 region i :  region
K H :
2 06 Transition Transition
< band band
0.4 : :

y

0 : L L L L L : L L |
-0.05 -0.04 -0.03 -0.02 -0.01 0 0.01 0.02 0.03 0.04 0.05
Wavenumber

Improvements by Saleh Al-Saleh
Old/New

Exact
1.4
—_— Old FOCI
1.2}
................ NeW FOCI
1E e ———
% ..'.
E 0.8
_;- /‘{I
£ 0.6f
< ; )
04 o o f
0.2 j.-":
0 1 1 1 1
0.05 -0.03 -0.01 0.01 0.03 0.05

WA ek preten
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Meters

Old FOCI
operator = 51 points

500

1000

3000 = > e
2000 3000 4000 5000 6000 7000 8000 2000
Meters

Old FOCI
operator = 15 points

L o [——

3000 — ' -
2000 3000 4000 5000 6000 7000 8000 3004

PageM®ersf 121
Margrave




Meters

New FOCI
operator = 15 points

3000 4000 5000 6000 7000 8000 9000
Meters

3000
2000

New FOCI
operator = 9 points

T T TR

e : L.f-”/;f f—— —
3000 4000 5000 6000 7000 8000 9000
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Part 2

Separable Symbols
and
The Gabor Transform

Approximating PSDQO's

Recall the standard form K-N Pseudodifferential
operator (PSDO)

()= (T,0)(X)= 5= [ a(xk, ) (K )e " ck,

If the symbol is taken to a stationary limit
lsltgltqoz(x, K, )=, (K,)
Then the result is a simple Fourier multiplier
litIItIS =F'M_Fy
stal \ 0

a Fourier multiplier
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Piecewise Stationary Symbols

Consider an arbitrary symbol a(x, kx)
One can always find a partition of R,{xj}, JEZ
and corresponding functions {a} such that

1,x€[xj,xj+l)

a(X, kX)_ZXJ’ (X)aj (kX>

jezZ

E XJ(X>:[

B 0, otherwise

Piecewise constant

approximation to a ;J
function ! !

Piecewise Stationary Symbols

Suppose the symbol is separable such that

a(xke) =D w; (x)a; (k) w;(x)eCy

jeZ

Wi, (X)) w(x) w, <X>

1.0 =
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Piecewise Stationary Symbols

Standard Calculus
A K-N standard operator is

"4 Lfa@(, kx)zﬂ(kx)e“x"XdkX

Let a(xk)=) w,(x

jez

f 5w, (x ‘ )\ (K, Je ™ dk,

R | J€Z

)=>"w, (x f (k, )2 (K, )e ™ dk,

jez

Ordinary Fourier Multipliers

Piecewise Stationary Symbols
Standard and Anti-Standard Calculus

So the operator reduces to a windowed
superposition of Fourier multipliers

T =) wF'M,Fy
JEZ J
It is left as an exercise to show that the anti-standard
operator reduces to
Tip=>) F'M, Fw¢
JEZ :
The only difference is the position of the window function!

Both formulae are special cases of the application of a
Gabor multiplier with a Gabor transform.
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Gabor Transform
Begin with a partition of unity (POU)

> 0, (x)=1, Q;(x) are suitable bump functions

JEZ

Let g, (x):ij(x) and -, (x):le‘p(X}, p|0,1]

Y .
analysis window synthesis window

Then, the Gabor transform is defined by
Vo (i.k,)=F (9;9)(k,): (R)— *(ZxR)

J

v
Forward Fourier for
a suite of windows

This particular Gabor transform is partially discrete

by design. Fully discrete and fully analytic algorithms
are easily derived.

Inverse Gabor Transform

Given V¥ (j.k )= F(gj¢)(kx)€ZxR

The signal is recovered with a windowed inverse Fourier
transform and a summation over windows.

g (Vg¢) =D F'Fa=9) v,0,=v¢
i€z jeZ
Note that: V.V, =1 *(R)
VgVW‘1 £Pp=1e]l’ (ZXR)
where P is a projection operator onto the range of the

forward Gabor transform.
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~Gabor Transform

domain|,

The range of V is only a subset
of ZxR because a function must
have a certain smoothness to
be a Gabor transform.

Gabor Multipliers

Given V,(j.k,)=F(g;¢)(k,)€EZxR
a(j.k,)eZxR

We define a Gabor multiplier through the operation

~1
Gt =V M,y

Inverse Multiplication Forward
Gabor Gabor
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Gabor Multipliers
and K-N PSDO's

For a piecewise stationary symbol, we had for the standard
KN t o =
operator T o= ij F Maj F

JEZ
This can be written as a Gabor multiplier as
TJ’b = Gvga,(p :VvilMan?vb’ Y = Wi and = 1

Similarly, for the anti-standard operator

B = G ¥ :Vv_lManqﬁ, v, =1land g, =W,

Part 3

A Gabor Imaging Method
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Gabor Wavefield Extrapolation

Approximate the variable velocity GPSPI extrapolator
as a windowed sum of constant-velocity operators

v(x)

, , Piecewise constant approximation,
each piece defines a "reference

1 1 .
velocity"

0 —1 A Partition of Unity (POU) with each
i X = 1 M n n 2
J window localized for a "reference" velocity.

i
How to choose the optimal set of reference velocities
and the corresponding windows?

Velocity

Gabor Wavefield Extrapolation

Approximate the variable velocity GPSPI extrapolator
as a windowed sum of constant-velocity operators

W (k (x),k,,Az) ~ ZQ W (k;.k,, Az)

WlIldOWS constant Velomty
extrapolators

A usually better approximation is

W (k (%), k,, AZ)~ S S5 ( W (K;.ky. Az)
J Spht -step
Fourier
correction
ik(x)A
where S, (x)= g 0az accounts for "residual" time shifts.
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Gabor Wavefield Extrapolation

The Gabor approximation to GPSPI then becomes

Vp (X,Z+Az,w):iZQj (x)S; (x)...

[ ko 20)W (Kj ks, Az)e "k,

Now, lets look at how to choose the POU.

A uniform POU Gabor frame

ZQ(X 4§ ) _ 1 — All windows are translates
- J of a mother window.
J

1.2+ | — sum of windows
—— Gabor atom
—— partition of unity frame

1

0.8

0.6

0.4~

0.2+

0

0.2 , . ! . .
0 200 400 600 800 1000 1200
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An adaptive POU frame

Z ) ; <X) = | = Each window can be unique.
j 2

— velocity funjctiun

--- smoothed velocity
— sum of windows
—— partition of unity frame

1.8F

1.6

1.4

1.2F

0.6+

0.4-

0.2

o

0 200 400 600 800 1000 1200
offset (m)

New Method

* Number of reference velocities chosen to give a defined
maximum position error (relative to GPSPI).

» For each reference velocity define an indicator function:

Reference velocities
o

. ‘V(X)—Vj‘:min =

1 (x)=

0, otherwise

> 1i(x)=1

j

Probability

Velocity
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New Method

* Define a smallest “atomic window”
» Build the POU by a normalized convolution:

Q4 (x)=(1;6)(x)

O = atomic window

The POU is satisfied automatically
Works in any number of dimensions

New Method

Example: v(x) is a step function and two
reference velocities are chosen.

14 . ‘ . ‘ . |

1.2} v(X) velocity
il

—

0-6/ Windows

04r

0.2
00 1[I)D 260 360 460 560 600
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1.4

1.2-

0.8

0.6

041

0.2

0 100 200 300 400 500 600

New Method

Example: v(x) is a step bump function
and two reference velocities are chosen.

v(x)

)
|

Windows

New Method

Example: v(x) is a smooth bump function

1.4

1.2-

0.8

0.6

04

0.2

1-
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New Method

Example: v(x) is a ragged bump function and
three reference velocities are chosen.
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Depth {m)

Gabor Test
position error ~ 5m

Gabor Imaging of Marmousi Velocity Model
(pos. error = 5 m, angle = 45 deg, time = 19 hrs)
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FOCI Result

FOCI Imaging of Marmousi Velocity Model
(npoint = 51)
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FOCI enlargement
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Marmousi Reference Velocities
position error ~ 5m

Reference Marmousi Velocity Model
(Gabor imaging: position error = 5 m, angle = 45 )
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Marmousi Reference Velocities
position error ~ 2.5m

Reference Marmousi Velocity Model
(Gabor imaging: position error = 2.5 m, angle = 45 )
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Marmousi Velocity Model

Original Marmousi Velocity Model
(Referred as to EXACT velocity in Gabor imaging)
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Conclusions

A fast, explicit wavefield extrapolator based on the GPSPI
formula was presented.

The central problem of extrapolator stability was presented and
addressed by designing two half-step operators with opposing
instability.

Spatial resampling was described as a very useful imaging tool.

Gabor methods can be used to approximate pseudodifferential
operators.

Gabor wavefield extrapolators, based on an adaptive POU, give

promising wavefield extrapolation results.
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