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The Problem

Estimation of risk of the large portfolios of credit risky securities is the problem that can be studied
using Monte Carlo methods. The main difficulties include the large number of risk factors (interest
rates, fx rates, ...) and statistical dependencies between probabilities of default and market risk
factors. There are several variance reduction technigues (importance sampling, stratifies sampling,
...) that are applicable to many practical problems in finance, in particular, in pricing of
sophisticated securities. The problem is how to use these techniques for portfolio risk analysis.
The most interesting practical case corresponds to credit risky portfolios. In this case the portfolio
losses depend on default events that are relatively rear. Therefore, efficient Monte Carlo simulation
could be based on a transformation of the measure that describes joint evolution of market and
credit risk factors.

The problem can be considered in both one step and multi step setting.

A framework for credit risk estimation that has been used in the industry is based on a joint market
credit risk model, described in Iscoe, Kreinin and Rosen 1999. Some of the mathematical details
are described below.
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The Model

A major limitation of all current Portfolio Credit Risk (PCR) models is the assumption that market
risk factors, such as interest rates and foreign exchange rates, are deterministic. Hence, they do not
account for stochastic exposures. While this assumption has less consequence for portfolios of
loans or floating rate instruments, it has great impact on derivatives such as swaps and options.
Ultimately, a comprehensive framework requires the full integration of market and credit risk.

The main idea behind the framework is that conditional on a market scenario all defaults and rating
changes are independent. A state-of-the-world is a complete specification at a point in time of the
relevant economic and financial credit drivers and market factors (macroeconomic,
microeconomic, financial, industrial, etc.) that drive the model. The framework consists of five
parts:

Part 1. Risk factors and scenarios

Consider the single perioth| ] where, generally, = 1 year. In this single period model a scenario

corresponds to a state-of-the-world. At the end of the horiztig scenario is defined lof
systemic factors, the credit drivers, which influence the credit worthiness of the obligors in the
portfolio.

Denote byx(t) the vector of factor returns at tinie.e., x(t) has components
X (1) = In{r ()/r (t)}, wherer,(t) is the value of th&-th factor at timé. Assume that at the

horizon the returns are normally distribute@) ~ N(u, Q), wherep is a vector of mean returns
andQ is a covariance matrix. Denote Bft), the vector of normalized factor returns; i.e.,

Z (1) = (x(t) — ) / Oy
Part 2. Joint default model

The joint default model consists of three components. First, the definition of unconditional default
probabilities. Second, the definition of a credit worthiness index for each obligor and the
estimation of a multi-factor model that links the index to the credit drivers. Finally, a model of
obligor default, which links the credit worthiness index to the probabilities of default, is used to
obtain conditional default probabilities. Below, we explain these components in more detail.

Denote byr; the time of default of obligoy, and byp(t) its unconditional probability of default,
the probability of default of an obligor in seciday timet:

p]—(t) = Pr{TJSt} (1)

Note that all obligors in sectphave the same unconditional probability of default. We assume
that unconditional probabilities for each sector are available from an internal model or from an
external agency.

Thecredit worthiness index Y; of obligorj determines the credit worthiness or financial health

of that obligor at timé. Whether an obligor is in default can be determined by considering the
value of its index. We assume thﬁt a continuous variable, is related to the credit drivers through

a linear, multi-factor model:
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Yj(t) = % Bjk Zk(t)+cyjsj 2
k=1
where

o= [1- 3 B

k=1

is the volatility of the idiosyncratic component associated with se}cﬁq( is the sensitivity of the
index of obligorj to thek-th factor anc;, j = 1, 2,...,N, are independent and identically distributed

standard normal variables. Thus, the first term on the right side of Equation (2) is the systemic
component of the index while the second term is the specific, or idiosyncratic, component. Note
that the distribution of the index is standard normal; it has zero mean and unit variance.

Since all obligors in a sector are statistically identical, obligors in a given sector share the same
multi-factor model. However, while all obligors in a sector share the Bﬁmedo-, each has its

own idiosyncratic, uncorrelated componest,

Theconditional probability of default of an obligor in sectoy, p;(t; Z), is the probability that an
obligor in sectof defaults at timé, conditional on scenario:

pj(t;Z) = Pr{rjst\Z(t)} 3)

The estimation of conditional probabilities requires a conditional default model which describes
the functional relationship between the credit worthiness ingiéand hence the systemic factors)

and the default probabilitigs.

We assume that default is driven by a Merton model (Merton 1974). In the Merton model default
occurs when the assets of the firm fall below a given boundary or threshold, generally given by its
liabilities. We consider that an obligor defaults when its credit worthiness i¥idéadls below a

pre-specified threshold estimated from historical data. In this setting, an obligor’s credit
worthiness indeij, can be interpreted as the standardized return of its asset levels. Default occurs

when this index falls below;, theunconditional default threshold.
The unconditional default probability of obligpis given by

pj = Pr{Yj<0(j} = dJ((xj) 4)

where® denotes the normal cumulative density function. For simplicity, we have dropped the
dependence on timg,from the notation.Thus, the unconditional threshaldjs obtained by the
inverse of Equation (4):

o = ® (p) (5)

The conditional probability of default is then the probability that the credit worthiness index falls
below the threshold in a given scenario:
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pj(Z) = Pr{Yj<aj‘Z} (6)
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Theconditional threshold, d;(z), is the threshold that the idiosyncratic component of objigor

&, must fall below for default to occur in scenafio

Note that obligor credit worthiness index correlations are uniquely determined by the default
model and the multi-factor model, which links the index to the credit driver returns. The
correlations between obligor defaults are then obtained from the functional relationship between
the index and the event of default, as determined by the Merton model. For example, the indices of
obligors that belong to the same sector are perfectly correlated if their idiosyncratic component is
zero.

Part 3. Obligor exposures and recoveries in a scenario

Define the exposure to an obligat timet, V;, as the amount that will be lost due to outstanding

transactions with that obligor if default occurs, unadjusted for future recoveries. An important
property of PCR_SD is the assumption that obligor exposure is deterministic, not scenario

dependenls\/j zf(2) .
The economic loss if obliggrdefaults in any scenario is
Li(@) = V; E{l—yj) ]

wherey; is the recovery rate, expressed as a fraction of the obligor exposure. Recovery, in the event

of default, is also assumed to be deterministic. (Expressing the recovery amount as a fraction of
the exposure value at default does not necessarily imply instantaneous recovery of a fraction of the
exposure when default occurs.)

The distribution of conditional losses for each obligor is given by
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0
gV, E(l—yj) with prob. H(Z)

L,(2) = O .
E 0 with prob. 1 R(Z)

®)

given by sum of the expected losses of each obligor:

N N
EL@) = 5 E{(L@r= 5 v;Hi-v) D@ ©)
=1 =1

References
Aziz, J. and N. Charupat, 1998, “Calculating credit exposure and credit loss: a caseédigody,”

Research Quarteriy,(1): 31-46.

Basle Committee on Banking Supervision, 1988&rnational Convergence of Capital
Measurements and Capital Standardisly,
http://www.bis.org

Basle Committee on Banking Supervision, 1999&dit Risk Modeling: Current Practices and
Applications Basle, April,
http://www.bis.org

Basle Committee on Banking Supervision, 1999ew Capital Adequacy Framework,
Consultative Paper, Basle, June,
http://www.bis.org

CreditMetrics: The Benchmark for Understanding Credit Rigichnical Document, 1997, New
York, NY: JP Morgan Inc.

Credite Suisse Financial Products, 190#&ditRisk+: A Credit Risk Management Framework
New York, NY.

Crouhy, M. and R. Mark, “A comparative analysis of current credit risk models,” paper presented
at the conference Credit Modeling and Regulatory Implications, London, September 1998.

Finger, C., 1999, “Conditional approaches for CreditMetrics portfolio distributions,”
CreditMetrics Monitoy April: 14-33.

Gordy, M., 1998, “A comparative anatomy of credit risk models,” Federal Reserve Board, Finance
and Economics Discussion Series, 1998-47.

Idcoe I., Kreinin A., Rosen D., 1999“An Integrated Market and Credit Risk Portfolio Moddéd$
Research Quarterh2(3): 21-37.

Kealhofer, S., 1996, “Managing default risk in portfolios of derivativesPDarivative Credit Risk,
London: Risk Publications.

Koyuoglu, H.U. and A. Hickman, 1998, “Reconcilable differencBRssk,11(10): 56-62.

Merton, R.C., 1974, “On the pricing of corporate debt: the risk structure of interest rdaesiial
of Finance29: 449-470.

Nagpal K.M. and R. Bahar, 1999, “An analytical approach for credit risk analysis under correlated
defaults,”CreditMetrics Monitoy April: 51-74.

Wilson, T., 1997a, “Portfolio credit risk IRisk,10(9): 111-117.



June 8, 2001

Wilson, T., 1997b, “Portfolio credit risk I Risk,10(10): 56-61.



	Monte Carlo Simulation in the Integrated Market and Credit Risk Portfolio Model
	The Problem
	The Model
	(1)
	(2)
	(3)
	(4)
	(5)
	(6)
	(7)
	(8)
	(9)


