Risk-neutraProbablilityMeasure

Miro Powojowski

A fundamentatonceptin mathfinanceis thatof risk-neutralprobability measure
F(s) for atradedsecurityS. Thetaskof pricing a derivative instruments equivalent
to computingthe expectationof the payof underthe risk-neutralmeasuren the case
of European-styl®ptionsandto maximisingthat expectationover all stoppingtimes
in the caseof American-styleoptions.

The mostwidely-usedmodelfor equity stock pricesis the geometricBrownian
motion, resultingin the celebratedBlack-Sholesformulafor the price of a European
call. Oneconsequencef this modelis thelognormalrisk-neutralprobabilitymeasure.
However, it haslong beenrecognisedhatthe obsered risk-neutralmeasuresrenot
lognormal,asexhibitedby thesocalled”volatility smile”

Estimationof therisk-neutralmeasurésometimeseferredto asimplied probabil-
ities in the literature)without the assumptiorof lognormality hasbeenattemptedoy
someresearcher&.g. Rubinstein)alongwith qualitatve comparisonsf theestimated
measuresHowever, noinferencemethodshave beenproposedo allow statisticatest-
ing andcomparisons.

The proposedroblemdealswith the estimationof the risk-neutralmeasuref(s)
fromtheobsenedoptionprices.In orderto usetheestimatedneasuré’(s) in analysing
market conditions,two questionamustbe answered.Firstly, somecharacteristicef
the estimatedneasuref'(s) have to beidentifiedasusefulmarketindicators.Usually,
thesecharacterisicsanbe expressedissomefunctionalsy of F(s) andaretherefore
randomvariables Oneexampleis thestandardleviation of therandomvariablelog(S)
underF (s) (whichcanbeexpressedisu(F) = ([ log(s)dF (s))*/2), commonlyre-
ferredto astheimplied volatility. Anotherexamplewould be u(F) = F(s), for ary
fixed sg, whichis the price of abinaryoptionon S with strike so. Secondlystatistical
propertiesof F(s) mustbe examinedin orderto asseghe dispersionof the random
variablesu(F). Sinceeachcriterion u(F) is a statisticof the obsenationsit would be
usefulto developtestsfor statisticalhypothesisconcerninghe estimatectriteria. For
example,it would be usefulto identify statisticallysignificantdifferencesn estimates
basedn differentdatasetén orderto identify changingmarket conditions.Suchtests
couldbeof tangibleinterestfrom therisk-managemergoint of view.

It is hopedthatsomeapproacheto thesestatisticalinferencequestioncanbe de-
velopedduring the workshop. The relatedissuesof constructingalternatve (to those
suggestedn the literature)estimatorsF'(s) andusefulcriteria u(F') canalsobe ex-
ploredif thereis sufficientinterestamongthe participants.

Somemarletdatawill beavailablefor testinghypotheseandproposedpproaches.



